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This book has been written with the object of 
supplying an Introduction to the Mathematical treat- 
ment of Electricity and Magnetism, and will, it is 
hoped, be useful to those who possess the requisite 
elementary knowledge of Differential and Int^ral 
Calculus. It is complete in itself^ and may be read 
without previous knowledge of the subject. Purely 
experimental parts of the subject, requiring no special 
mathematical treatment, have been entirely omitted. 

The Author is especially indebted for assistance to 
the Treatises of Professor Clerk Maxwell, and of 
Messrs. Mascart and Joubert. 
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CHAPTER I. 
Laws of Electrical Action. Potential. 

1. EliECTBlFlCATioir. If a carefully dried glass rod is 
held in the hand and rubbed with a piece of dry silk, it is 
found to acquire the property of being able to attract b'ght 
bodies, such as little pieces of paper or straw, pith balls, &c. 
Several other bodies show the same property, as, for instance, 
a rod of ebonite rubbed with flannel or a cat's skin. 

Bodies which possess this property are said to be electrified^ 
or electrically excited^ or to be charged with Electricity. 

Among bodies which show electrical excitement well in this 
way, may be mentioned, besides glass and ebonite, amber, sul- 
phur, resin, and sealing-wax. 

2. With certain bodies this experiment is impossible, as, for 
instance, with a rod of brass or any other metal. Electricity is 
developed on the surface of the metal, as it is on the rod of 
glass, but it immediately flows away through the hand and body 
to the earth. But if the metal rod be provided with a handle 
made of glass it will retain its electrical charge just as the glass 
rod did. 

B 



2 Laws of Electrical Action. Potential. [Part i. 

We must then distinguish between two classes of bodies : — 

(i) Those which allow electrical charges readily to pass through 
them, or over their surfaces. These bodies are called conductors, 

(ii) Those which offer good resistance to the passage of 
electrical charges, and retain them for a long time. These 
bodies are called no^i-conductors, or insulators. 

No sharp line can be drawn between these two classes, as 
bodies possess all shades of conducting and insulating power. 
Also there exists no perfect conductor, and no perfect insulator. 
Every body conducts electricity, or allows it to pass, with more 
or less freedom ; and the best-known conductor offers a certain 
amount of resistance to the passage. 

3. Two kinds of Electrification. If we take two glass rods 
and rub them with a piece of silk, they will be found to exert a 
force of repulsion on each other. But a glass rod rubbed with 
silk and an ebt>nite rod rubbed with flannel are found to attract 
each other. A gilt pith ball suspended by a piece of silk and 
touched with the glass rod is found to be repelled by the glass, 
but attracted by the ebonite rod. 

From these experiments we infer that there are two kinds of 
electricity. Now the glass rods were obviously charged alike, 
and on touching the pith ball with one of them it gave to it a 
part of its own charge. All these charges repel each other. 
The electrified ebonite rod behaves in a different way; it 
attracts any of these bodies. Thus we see that the ebonite 
rod is charged with a different kind of electricity. And we 
would further see that the ebonite rod would repel a similarly 
electrified ebonite rod, or a pith bar suspended by silk which 
had been touched by it. 

We thus infer the existence of two kinds of electricity, and 
the mutual actions of bodies charged with them. This action 
may be stated in the following law of electrical action. 

Law I. Bodies charged with like electrical charges repel 
each other; bodies charged with unlike electrical charges 
attract each other. 

These two sorts of electricity are called positive and negative 
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electricities. That with which the glass rod was charged is 
called positive or vitreous. And that with which the ebonite was 
charged is called negative or resinous, as it is the kind of elec- 
tricity a stick of resin would be charged with if rubbed with silk 
or flannel. 

4. A sphere of metal, charged with electricity, can be made to 
give up half its charge by placing it in contact with an exactly 
equal metallic sphere, originally uncharged ; and both being far 
from all other charged or conducting bodies. From the 
symmetry of the arrangement the charge flows over the sur- 
faces and divides itself equally between the two. The given 
sphere then has just half as much electricity on it as it had 
at first. In the same way we can divide the remaining half 
into two equal portions, and so on. 

Since then we can say that one charge is J, ;J, and so on, of 
another, a charge of electricity is a quantity which we should be 
able to measure in terms of a fixed unit charge. 

6. Coulomb has investigated with the torsion-balance the 
manner in which the force between two charged bodies depends 
on their charges, and on the distance between them. In the 
torsion-balance a gilt pith ball is carried on a light insulating 
horizontal arm, the whole being suspended at its centre of 
gravity by a vertical wire or glass thread. The ball is charged, 
and another similarly charged ball is brought up, repelling it, 
and put into the place it originally occupied. The balls must 
be allowed to be at a considerable distance from each other as 
compared with their dimensions. This distance may be ad- 
justed by turning the top of the wire. The moment of the 
deflecting force is just balanced' by the moment of torsion in 
the wire, and this is proportional to the amount of twist in the 
wire. The amount of twist may be measured, by observing 
the angles through which the top and bottom of the wire have 
turned, by means of scales provided for the purpose. 

The fixed ball is then removed and made to give up half its 
charge to an exactly similar ball. To bring the moveable ball 
to the same position as before it is found that just half as much 

B 2 



4 Laws of Electrical Action. Potential. [Part i. 

torsion in the wire is needed as in the first case. Thus the force 
of repulsion between the balls is halved by halving one of the 
charges. If we take \ of the original charge on the fixed ball, 
the force of repulsion is found to be \ of what it was at first. 
In the same way if the charge on either ball be altered in any 
manner, the deflecting force will be altered in the same ratio. 
The same law is true for the force of attraction between dis- 
similarly electrified bodies. 

This shows that, for a given distance between the two charged 
bodies, the force between them is proportional to the product of 
their charges. 

It may also be shown, by keeping the two charges the same 
and varying the distance between the balls, that the force between 
them is inversely proportional to the square of the distance 
between them. 

Thus we get the second law of electrical action. 

Law II. The force between two charged bodies, fax apart 
as compared with their dimensions, is proportional to the 
product of their charges, and inversely proportional to the 
square of the distance between them. 

The law of inverse squares, as the second part of this law is 
called, is only roughly proved by means of the torsion-balance ; 
a much more rigid proof will be given later on. - ' ^ ' 

e. Suppose two small bodies to have on them charges which, 
measured in terms of any given unit, are expressed by q and ^, 
and to be a distance apart r units of length. Now q and / ex- 
press the magnitudes and signs of the charges. If the signs are 
alike, the force between the two bodies is one of repulsion ; if 
they are different, it is one of attraction. Then we may say the 
force of repulsion between the two bodies is, measured in terms 
of any unit of force we please, given by the equation, 






k being a constant depending on the units of charge, of length, 

and of force. 

' Now let us take the centimetre for the unit of length and the 



^v^ ^ 
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/ dyne for the unit offeree ; and let_ us take for the ^unit of charge 
I such_ajiuantit^ of electricity, that when each body is charged 
j with a positive unit charge, and the distance between them is 
I I cm., the force of repulsion between them is one dyne. 

Then when q, q\ and r are each made equal to unity, F is 
unity. Thus ^ = i.t And we have the equation for the force of 
repulsion between the two small charged bodies, 

all our quantities being measured in terms of the units specified. 

And we have the following definition of the unit of electricity. 

Def. : A UNIT OF ELBOTBIOITY is that quantity of 
electricity with which an indefinitely small body must be 
charged, so that when placed at a distance of one centi- 
metre from, another indefinitely small body charged with 
an exactly equal quantity of electricity, the force of repulsion 
between them is one dyne. 

f It should be noticed that we cannot say that one charge of 
' electricity repels or attracts another, but we can only speak of 
the bodies, on which the charges reside, as repelling or attracting 
each other. 

7. When a conducting body is charged with electricity, it can 
be shown by experiment, and it will be proved later on, that the 
charge resides on its surface alone. 

When a body is charged with electricity, as a rule the surface- 
charge is not uniformly distributed all over its surface, but the 
quantity per unit area varies fi"om point to point. 

Def.: ths SUBFACE-DENSITT at any point on the 
sur&ce of a charged body is the quantity of electricity per 
unit area at that point. 

Or, if we take a very small area s including the point, and e is 
the quantity of electricity on j, then the surface-density at the 
given point is the limiting value of ejsy when s is made indefinitely 
small. 

Def. : the VOLTtme-DENSITY at a given point is the 
quantity of electricity per imit volume at that point. 
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As has been said, the volume-density at all points within the 
mass of a conductor is zero. 

8. WOBK. Suppose a charge of electricity e concentrated at 
a point O, Let us consider the work done by it in ergs, or centi- 
metre-dynes, on an indefinitely small body with a positive unit 
charge, as this body moves from A to B, the distance OA being 
r^ cms., and OB r^ cms. 

Let the body take any path s from A to B. Let ds be any 
elementary portion of this path ; and r and r + dr the dis- 
tances of the body from O at the beginning and end of ds. The 
force on the body in the path ds is eji^. The resolved part of 

this in the direction of ^j is -= • -7-. i^ 

r* ds 

\ 

The work done on the body in the path ds is <i^ 



dr , e 



A 






b^ 



Thus the entire work done is 



£ 



^^ e . / I I \ r' 



r> 



""l '1-2 ,^v 

The work that would be done on the body by the charge e as 
it moves off from A to an infinite distance would be e/r^. 

The region we are considering as under the influence of any 
given electrical charges is called an electbicaIi FIELD. 

Def. : THE FOTEITTIAL at any point of an electrical field 
is the work that would be done on an indefinitely small body 
charged with a positive unit of electricity, and 8upi>osed not 
to disturb the charges of the field as it moves away from the 
given point to an infinite distance. 

If there are any number of charges ^, g^, ^\ &c. in a field, 
supposed concentrated at points, and the point P is at distances 
r, r', r", &c. from those points, the potential at P is 

r r r 
Let there be' any surface density o- in a field, and any volume 
density p. Denote the distance of a point P from any element 
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of surface ds by r, and its distance from any element of volame 
dv by r'. Then the potential at P is given by the expression 



m-*in>- 



If a point is such that on the whole the field does negative 
work on the body charged with a positive unit as it is moved off 
from the point to an infinite distance, that is, if positive work 
must be done on the body to move it off against the action of 
the field; thei ^ the pote ntial of thje_ point is jje^tive. This is 
the case, for instance, when all the charges of the field are 
negative. 

9. Def. : THE ELECTBICAIj INTENSITY at any point 
^ '^ is the force in dynes with which an indefinitely small 

body carrying a positive ^ charge and placed at that point, 
being supposed not to ' disturb the charges of the field, 
would be acted upon. 

Let V be the potential at a point P, Take a point Q in- 
definitely near to P, so that the distance PQ is ds. Let the 
potential at Q be F+ d V, Let F be the resolved part of the 
electrical intensity in the direction PQ, The work done by 
the field on an indefinitely small body with a positive charge, 
as it moves from P to Q, is the work that would be done on 
it as it moves from P to an infinite distance —the work that 
would be done on it as it moves from Q to an infinite distance, 
that is V—{V-\-dV), or —dV, This work is also Fds. 

ds 

10. Def. : an equip otential sitkpaob is the locus 
of aU points in an electrical field at which the potential has 
the same given value. 

Def. : A line of FOBCE is a line drawn in an elec- 
trical field such that its direction at any point is the direc- 
tion of the electrical intensity at that point. 

Every equipotential surfiGtce is cut at right angles by all 
the lines of force which meet it. 
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For as a charged body is moved in any direction on an 
equipotential surface, no work is done on it, and therefore no 
force acts on it in the direction of its motion; that is, there 
is no component of force tangential to the surface. Therefore 
the force is perpendicular to the surface ; or the line of force 
cuts the surface normally. 

When a set of electrical charges have taken up their state of 
equilibrium, the whole of any conductor, made throughout of the 
same material, is at the same potential. For if the potential did 
vary from point to point, there would be electrical forces urging 
positive electricity from places of high to places of low potential ; 
and so a flow of electricity must take place in the conductor, or 
over its surface. But this cannot happen because the electricity 
is in a state of equilibrium. Therefore the whole conductor is 
in a state of equilibrium. 

If, however, a conductor is made of two different materials, in 
general its two parts will be at different potentials; for the 
general effect of putting two bodies of diflferent materials in 
contact is to cause a generation of electricity at the surfaces 
in contact, positive being formed on one body and negative on 
the other. The ordinary production of electricity by friction 
is a case of this, friction being used to bring large portions of 
the surfaces in contact with each other. In the case of two 
conductors friction is not necessary; they take their charges, 
and attain their full difference of potential, by being merely put 
into contact. 

11. The surface of any conductor may be regarded as one of 
the equipotential surfaces of the field, and the lines of force 
passing away from the surface must pass away at right angles 
to the surface. 

If a small positively charged body without mass were placed 
in an electrical field under the action of no forces but those of 
the field, it would move along a line of force in what we may 
call the positive direction of the line of force ; a similar nega- 
tively charged body would move along a line of force in the 
negative direction. 
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An electrical field may be regarded as filled with lines of 
force, and equipotential surfaces cutting them at right angles. 

As we pass along a line of force in its positive direction, we 
pass across an infinite number of equipotential surfaces, the 
values of the potentials at which are constantly diminishing, 
algebraically. 

No line of force can return on itself. For as we pass along 
a line of force in the positive direction we come to points of 
smaller and smaller potentials ; so that we must be constantly 
coming to new regions. 

No line of force can branch off into two lines at any point. 
For this would mean that at some point there are two directions 
of the resultant electrical intensity. 

12. Proof of the Law of Force. The experiments of 
Coulomb with the torsion-balance can only be considered to 
prove the law of inverse squares in an approximate manner. 
The truth of the law was deduced by Cavendish from the fact 
that if a conductor is placed within a hollow closed conductor, 
and in electrical connexion with it, there is no charge on the 
inner conductor. 

The following proof is taken from Maxwell's Electricity and 
Magnetism, 

Suppose we have a conducting sphere enclosed in a hollow 
conducting sphere. If a charge is given to them when they are 
in electrical connexion, and then the connexion is broken, no 
trace of charge can be found on the inner sphere. 

Let <^ (r) be the law of force. That is, suppose that two in- 
definitely small charges, e and /, at a distance r apart, repel 
each other with a force e/^ (r). 

Then the potential due to a unit charge at a point distant r 

from it is /*" ^ / v •» 

/ ^(f)dr. 

Let/'{r) be a function of r, such that/"' (r) = r I (f> (r) dr. 

Now suppose we have a conducting sphere of radius a 
charged to surface density o-. Let us take a point P at a 
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distance h from O, the centre of this sphere, and let r be 
the distance from Z' to a point Q on the sphere. Let the 
angle PO(ihe $. An element of charge at Q may be denoted 
by (ra^smOdOdS, 

And we have r* = a' + ^* — 2ad cos 0. 

Potential at P due to element at Q is 



aa^ 



' f <f>(r) smOdOdif) = <ja^^-^ €\VLBd%d^, 

But rdr = ^3 sin d dO, „ ^" 

Thus potential due to charged sphere is ^ ^t' , I 

0^ j 



''ir* a 

a-f(r)drd<\>. 



Jr^ J a 



= 2,r<r|[/(r,)-/(r,)], 

r, and r^ being the greatest and least distances t)f P from the 
sphere. 

Thus if a is the entire charge on the sphere/* we get for the 
potential at a point outside, inside, or on the sphere, the values 



2ab 

a 
2ab 

a 



{/(a + l)-/{a-b)\. 



,-^.[/(^«)-/(o)]- 

Now let our outer sphere have radius <2, and inner one radius 
b. Let their charges be a and /3, and their potentials A and B, 

Then^ = i^.[/('««)-/(o)l + ^ [/(« + *)-/{«-*)] ' 
But when -4 = -ff, ^ is always o. 



Chap. I.] Laws of Electrical Actiofi, Potential. ii 



Differentiating twice with respect to 3, and dividing by a, we 



get 



.-. /^' (r) = Cq, some constant. 
/' {r) = C,r + C,. 



CHAPTER II. 

Theorems on the Electrostatic Field. 

1. The following is a very important theorem : 
In an electrical field let any dosed enirflEice S be de- 
scribed. Iiet N be the component of the electrical intensity 
at any element ds of the surface resolved normally to the 
surfjAoe, and outwards. Iiet Jkf be the entire quantity of 

electricity inside the surfSebce. Then the integral 1 1 Nds 

taken all over the surfia.ce is equal to 4 tt JH, 

Let us consider a quantity e of electricity, inside the surface 
Sy and concentrated at a point O, Let r be the distance from 
O to the element of surface ds, 6 the angle between r pro- 
duced outwards, and the normal to the surface drawn outwards. 
Let N be the component of the ^lectrical intensity, along this 
normal, due to e. Then the entire intensity is e/r^, 

£ 

,\ Nds = - cos . ds. 
r* 

And numerically cos ,ds is equal to the normal section at ds 
of the cone with vertex at O, and sides passing through the 
contour of ds. Thus cos . ds/r^ is numerically equal to the 
solid angle subtended at O by ds. And this term will have 
the + or — sign according to the sign of cos 0, that is, accord- 
ing as O faces the inside or outside of ds. 

^ - — - - 

Now a straight line drawn from must meet the surface 5 
an odd number of times. First it passes out of S. Then it 
may pass in, then out again, and so on, passing out the last 
time. 

Suppose the cone with as vertex and sides passing round 
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ds meets the surface S twice again. The first intersection of 

this cone with S contributes the positive term 

e cos B ds jr^ to the integral, and the other two 

intersections contribute two terms exactly equal 

in numerical value to this, but of opposite signs. 

In the same way, however many times this cone 

meets the surface after the first, all the terms 

contributed to the integral by these intersections 

after the first cut each other out two by two, and we get only 

the term e x solid angle of cone. 

Thus when we take the entire integral all over the surface, we 
get for its value e x the sum of the solid angles of all the cones 
filling up the whole space about O, that is, ^ x 4 it. 

If the charge / were taken outside th6 surface aS" at a point 
(/j any cone with vertex at (/ and an indefinitely small solid 
angle must meet «$* an even number of times and contribute 
terms to the integral, which may all be seen as before to cut 
each other out two by two, each of these terms being of the 
form / cos 6^ dsjr^^ the letters having similar meanings to those 
already used. 

Now the entire normal component N at any element of area 
ds^ multiplied by ds^ is made up of a number of terms such as 
e cos Q dsjr^y and a number of terms such as / cos V dslr'^. 

So that when we take the integral / / Nds all over the surface, 

we see that the first set of terms gives rise to 4 ir x the sum of 
all the inside charges, and the second set gives rise to zero. 

Thus if Nds = 477 JHf. 

2. We can apply this proposition to prove several properties 
of electrical fields and conductors. 

There is no charge, within the body of a conductor. Let 
us consider any indefinitely small closed surface within the mass 
of the conductor. There is no electrical intensity, at any point .;' 
of this surface, since all points on it are within the conductor/ ' 

Thus the integral I I Nds for this surface is zero. - Thefefore 



^; 
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the electrical charge within it is zero. Thus there is no elec- 
trical charge anywhere inside the mass of the conductor. 

3. If any number of electrical charges are placed inside 
a cavity in a closed conductor, the algebraical sum of all 
these charges and of the charge of the inside surface of the 

C6'' cavity in which these charges are placed is zero. 

-^ Consider a closed surface traced out in the conductor so as 

t to enclose the cavity. There is no electrical intensity anywhere 

on this surface. Thus for this surface / \ N ds :=. o. There- 
fore the algebraical sum of all the charges inside it is zero. 
But these charges are only those placed inside the cavity and 
the distribution of electricity residing on the inside surface of 
the cavity. 

4. FOISSON'S AND LAPLACE'S EQUATIONS. 

Let us take three rectangular axes, Ox^ Oy, Oz, in the elec- 
trical field. Let V be the potential at a/ point P^ whose co- 
ordinates are x, j/, z. Through P draw three indefinitely short 
straight lines, dx, dy, dz, parallel to the axes, and let a rectan- 
gular parallelopiped be described on them as three adjacent 
sides. Let p be the electrical density at P. Then the quantity 
of electricity within dx dydzis p dxdy dz. 

The electrical intensity perpendicular to the face dydz is 

dV Cr dV 

— ■— • Thus the integral / / Nds for this face is — dy dz, 

/dV d^V \ 
That for the opposite face is — T— + -^—^ dxj dy dz. These 

d^V 
two together give — -=-^ dx dy dz, 

d^V 
The other two pairs of faces give — --=-y dx dy dz, and 

d^V 

— -^dxdydz, 

td'^ V d^V d^ V\ 
'-' -{-^.+^ + -^)dxdydz:=A'r^pdxdydz, , 

d^V dW d^V 
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This is called Poisson's equation. 

If there is no electricity at the point iP, we get 

dyV (PV d^V _ 

dx^ dy^ dz^ "" 
This is called Laplace's equation. 

If P is within the body of a conductor, - ^ ^ / > . • » 
^_d^_d^V _ __ 

dx'-"^"!^^''' •'• ^""°' 
Thus there is no electricity within the body of a conductor 

(as already proved). 

6. Def. : A TUBS OF FOBCE is a tubtilar BurflGi.oe bounded 
by lines of force. 

Let us consider a tube of force of indefinitely small section. 
Let s and / be its sections normal to its sides at two places. 
And let there be no electricity within the tube between s and /. 
Let F be the electrical intensity at s, which we may consider to 
be constant all over j, and let F^ be that at /. There is no 
normal component of intensity anywhere on the sides of the 
tube, and F and F^ are respectively "perpendicular to s and /. 
Thus, taking the surface integral of normal intensity all over 
the tube, we get Fs = F^/. 

6. Let a number of lines of force be drawn across j, so that 
the number per unit area is proportional to the force at s. Let 
these be produced to /. Then the intensity at any section, 
being inversely proportional to the section, is proportional to the 
number of* lines of force across unit area at that section. So 
that if the number of lines of force represents the intensity at 
any section, it does so at every section of the tube. In this way 
we may represent the entire field, and the Jotce^^t^anyjJoint 
of it, bjLjhe ^equen cy of the lines of force in it. 

7. In the same way the intensity at any point of the field may 

be represented b^the nearness of the equipotentialsurfoces, or the 

number passing across uhif rerigth of a line of force at the point. 

dV 
For if r is measured along a line of force, the intensity is — -^ • 

Let us then draw a number of equipotential surfaces correspond- 
ing to values of the potential differing from each other by a 
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constant quantity. The intensity at any point is inversely pro- 
portional to the distance between two equipotential surfaces at 
that point, or is proportional to the number of equipotential 
surfaces passing across unit length of a line of force at the 
point 

8. The electrical intensity just outside a charged con- 
ductor at a point at which the sur&ce density is cr is 

Let P be the point at which the surface density is fr. 

Take a very small area s about P on the 
surface, and draw a tube of force whose sides 
all pass through the contour of s. Close up 
this tube by a surface drawn just outside the 
siu*face of the given conductor and parallel 
to J, and therefore equal to s. For we 
may regard this tube as a cylinder, and the two surfaces, j, 
and that drawn parallel to it, as two planes perpendicular 
to its sides. Produce ,the tube into the conductor, and 
close it up by another surface parallel to j. Considering the 
entire closed surface thus formed, the only portion of it over 
which there is any normal component of intensity is the surface 
drawn parallel to s outside the conductor. Let F be the elec- 
trical intensity just outside j. Then for the entire closed sur- 
face / / Nds is Fs. And the charge within the surface is <r s. 

,\ Fs =: 4'jr(r s. ,\ jF=47r(r. 

9. At a point on the snrfisice of a conductor where the 
electrical surfiEtce density is cr, the sur&ce is under a stress 
ot 2Tr (T^ dynes per square centimetre. 

Let P be the point under con- 
sideration. About P describe a small 
circular area AB, so small that we 
may consider it a plane. On the 
normal at P, just outside, and just 
inside the conductor, take two points, 
Q and /?, equally distant from P, and such that QP is inde- 
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finitely small compared with the dimensions of AB\ So that 
Q and R are practically situated in just the same way with 
regard to all other charges in the field except the distribution 
on AB, 

Now let us consider the parts of the electrical intensity;at Q, 
due to the distribution on AB^ and due to the rest of the field. 
The entire intensity at Q is along the normal at P. And that 
due to the distribution on AB is evidently along the same 
normal. So that that due to the rest of the field is in the same 
direction. Let F be the part of the intensity due to AB, and 
F' that due to the rest of the field. Then the intensity at Q is 
F'+F, and that at R is F'—F. Now the intensity at Q is 
47r(r, and that at R is o. 

.-. i^+ F=z 4^0-, and F'-^F^ o. 

.-. i^'= 2-710". 

Thus an indefinitely small portion of surface j, which we may 
consider plane, carrying a charge jo-, is urged by all the other 
charges in the field along the normal to the surface with a force 
of 211 Q^s degrees. Or the stress is along the normal out- 
wards, and equal to 21: q^ degrees per square centimetre. 

10. With regard to the statement that the action of all the 
charges in the field, excluding the distribution on AB, is the 
same at P and at Q, the following remarks may be made. 

Suppose a charge e placed at O, the origin of coordinates. 
 Then A;-component of the electrical intensity at (Xyy, s) is 

The intensity at (^ + A, j/ + ^, 2: + /) has for its x component 
e{x •VK) ^ 

and if h, k, I are indefinitely small as compared with x,y, z, this 

€ X 

only differs from 5 by a quantity indefinitely small 

as compared with this last quantity. In the same way if we take 

c 
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any finite distribution of electricity which we may consider made 
up of infinitesimal charge's collected at points all of which are at 
distances from {x,y, z), compared with which h, k, I are indefi- 
nitely small, the differences of the resolved parts in any direction 
of the electrical intensity at (x,y, z) and 2Lt{x-\-A,jf-\-k, z + l) give 
rise to an indefinitely small quantity of a higher order than the 
distance of (x,yy z) from any part of the electrical distribution 
in the field. 

11. The stress per unit area on the charged surface, which 

has for expression 2ira^, may also be expressed in terms of F, 

the electrical intensity just outside the surface. For F= 4 nra. 

Thus the stress per unit area is F^/S ir. 

dV 
Let — denote the variation of the potential per unit distance 

at the surface of a conductor, along the normal to the surface 
measured outwards. Then, since 

r "^^ A IP 1 dV 
I* •= — -J- and /' = 47r(r; .•. ct= — • 

an ^v an 

And the stress per unit area is 7— i-^r-S • 

Gir^dn^ 

12. Consider a very narrow tube of force. Let s be its cross- 
section at any place, and -Fthe electrical intensity at s. We 
have seen that as we pass along the tube, as long as we 
come to no electrical charges within it, the product Fs remains 
constant. Thus as we pass along the tube in either direction, 
as long as we come to no electrical charges, we come to new 
regions in which electrical force is being exerted, and in which 
therefore the tube is continued. Thus a tube of force, and 
therefore a line of force, cannot begin or end except on a sur- 
face charged with electricity. 

Since the electrical intensity, expressed in terms of the electrical 
density, just outside a surface is given by the equation F •=. 4 tt cr, 
a line of force must begin (being traced in its positive direction) 
on a positively charged surface, and end on a negatively charged 
surface. 

13. The quantities of electricity on the two portions of 
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charged surface of conductors forming the ends of a tube of 
force are equal and of opposite signs. 

For if we consider the tubes produced slightly into the con- 
ductors and closed up in them we get formed thus a closed sur- 
face, over the whole of which there is no normal component of 
electrical intensity. Thus the algebraical sum of the charges 
inside this surface is zero. 
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CHAPTER III. 

Systems of Conductors. 

1. Electrical Induction. If we have a conductor with a 
charge on it in electrical equilibrium, and other charges are 
brought into the field, the distribution of charge on the given 
conductor will, as a rule, be altered. For the introduction of 
the new charges into the field will alter the potentials of the 
various points of the given conductor in different degrees as a 
rule, and for equilibrium of the charge on the conductor all 
points on it must be at the same potential. So that the charge 
on it will distribute itself so as to produce the same potential 
all over the given conductor. 

This disturbance of the charge on the conductor by the 
presence of new charges is called Electrical Induction. 

2. The general effect of induction may easily be seen to be 
this. The approach of a positively charged body to a conductcy: 
will algebraically diminish the electrical density on the parts of 
it near the charged body, and increase the density on the parts 
of it far from the charged body; while a negatively charged 
body will act in just the opposite way. 

3. The earth, and any conductor in electrical connexion with 
it, may be considered to be at zero potential. For the earth may 
be taken as a conductor in electrical equilibrium, and the poten- 
tial at its centre, given by the formula 2 - , vanishes on account 

of the great distances of the centre from all the charges pro- 
ducing the potential. Thus all the earth and any conductor 
connected with it are at zero potential. 
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4. There is only one possible state of distribution of a ^ 
given set of charges on the conductors in an electrical field.* >f 

First, we shall show that if the electrical density at every point 
in an electrical field is altered in any ratio, we get a distribution 
of electricity in equilibrium. For the potential at each point is 
changed in the same ratio. And since the potential all over 
each conductor was constant, the potential all over each con- 
ductor is still constant. Therefore the new distribution is in 
electrical equilibrium. 

For the same reason, if there are two distributions, each of 
which is in equilibrium when existing on a given system of 
conductors, by superposing them we get a distribution in equili- 
brium. 

Next, we shall show that if in an electrical field there is any 
number of conductors, the entire quantity of electricity on each , 
being zero, and if there are no other charges in the field, then 
each conductor is in the neutral state, that is, the density at each 
point of it is zero. 

Denote the conductors by A^, A^, A^y ,,. . And let their 
potentials be F,, V^, V^,,.,, the potentials being arranged in 
algebraically descending order of magnitude. 

Now no lines of force can end on A^y for that would mean 
that there was a charge in the field at a potential higher than V^ 
for a line of force ending on -^j to start from. So that any' 
lines of force meeting A^ must start from it. Thus there can 
be no negative electricity on A^ and the entire charge on -4 ^ is 
zero, therefore the density at every point of ^^ is zero. 

There being no electricity on -4^, we may consider A^ to 
be removed from the field, and by reasoning in the same way 
we find the density at every point of -^^ to be zero. And in the 
same way for each of the others. 

Now suppose, if possible, that in a given electrical field, with 
given charges on the conductors, there could be two different 
distributions of the electricity on the conductors for electrical 
equilibrium. Let the density at any point of a conductor be 
denoted by o- and </ in the two cases. 
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Let us take the second distribution, and reverse its sign, and 
superpose it on the first. Then we get a distribution in the field 
in equilibrium. But there is now no charge in the field except 
on conductors. And each conductor has, on the whole, zero 
charge. Thus the density at every point of each conductor 
must be zero. Therefore a' must be the same as <r. Or there 
is only one possible distribution for the given charges on the 
conductors. 

5. Suppose we have a system of conductors A^, A^, A^,,.,A^ 
with charges Oi> Og* Os» ...0»,and at potentials V^, V^, Fj,... F^. 

We shall show that the potential of any conductor can be ex- 
pressed as a linear function of the n charges as follows : 

^r=Al Ql+ Pr2 Qi+'-Prr Qr-^--'+Prn Qn' 

The coefiicients Pr^, &c. depend only on the form, size, and 
relative position of the conductors. Each p has two suffixes, 
the first relating to the conductor in the expression for whose 
potential it occurs, and the second to the conductor whose charge 
it multiplies. 

First, suppose all the conductors to be discharged. Now give 
A^ unit charge, and suppose this produces in the various con- 
ductors the potentials 

Pn f P21 » -r 81 9 • • • /n 1 • 

If we give A^ a charge Q^, the potentials will be 

Ai Qiy P21 Qiy Psi Q\9 •• Pni Qi' 

Similarly we may suppose that by giving io A^ the charge 
^2, the others being uncharged, the conductors are raised to 
potentials 

Pl2 >&2» Aa >&2» A2 >&2 ••• /^«2 >&2> 

A2> A2> ^82 » ^^' being constants for the given conductors. 

In the same way charge each of the conductors separately, all 
the others being at the same time uncharged, and we get similar 
expressions for the potentials. 

Now if we charge all the conductors simultaneously with the 
charges Q^, Q^^ Os, ••• » we get an electrical distribution which is 
merely the superposition of all the distributions obtained on all 
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the conductors, by charging them separately with the charges 
Q\y Qiy Os* •••• And the potential at any point is the sum of 
the several potentials obtained from these separate charges. 
Thus we will have for the potentials Fj, Fg, Kg, ... , 

^i = Ai<2i+A2 <22+... + Ar<2r + ... + A»<?i.- 

^r=Al <2l + As <22 +... + Ar <?r +... + /m On- 
^« = /ni (?i + A2 (?2 + • •• + /«r <2r + . .. + /„» <?»• 

6. By solving these n linear equations we can plainly express 
the charges as linear functions of the potentials. Thus 

Qx = ^11 ^1 + ^12 ^8 + ••• + q^T Vr + ... + ^in Kn. 
Or = ^ri ^1 + ^r2 ^2 + ••• + frr K- + ••. +2'r» ^m- 
On = ^«i ^1 + ^1,2 ^2 + - + ^nr Kr + .-. + Q^ V ^, 

The /'s are called coefficients of ^otgndal, and the /s co- 
efficienj§,^f inducJtipn. 

Any coefficient of induction having its two suffixes the same, 
such as q^Ti is called the capacity o f the corresponding con- 
ductor, A^^ with respect to "the system. 

7. Any two coefficients of potential with the same suffixes, 
only reversed, are equal. That is, p^^ '=^p%r* 

This may be proved by means of the following theorem of 
Gauss. 

If any distribution of masses m^, m^y m^,... produces a 
potential denoted at any point by F, and any distribution 
of masses m/, m/y ^s^... produces a potential F^, then 

That is, the sum of each elementary mass of one system 
multiplied by the potential produced, at the point where the 
elementary mass is, by the other distribution is equal to the 
same sum taken for the second system of masses and the po- 
tential due to the first distribution. 

The theorem is merely an identity, and its truth is seen by 



^4 Systems of Conductors, [PartI. 

writing for F' its value, which is the sum of each elementary 

mass mf divided by its distance from m, and a similar expression 

for F. Then, denoting any distance between one of the masses 

/«, and one of the masses m' by r, each side of the equation 

tfifn 
becomes 2 • Thus the two expressions are equal. 

8. To apply this theorem, let us consider as our two distri- 
butions m and mf, those which arise from a unit charge given 
to w^,., and from a unit charge given to -4,, respectively. 

The part of 2 wz F' arising from any conductor except -^^ is 
zero, because the potential is the same all over any such con- 
ductor, and its entire charge is zero. Thus ^mV becomes 

9. The two ooefQicients of induction, g^-g, g^ry ^^^ equal. 
Consider the two electrical distributions in which -^,. is raised 

to unit potential, and in which ^, is raised to unit potential, all 
the others in both cases being at potential zero. And let us 
apply the theorem of Gauss to these distributions. Then 
2 OT F', = ggr ) 2ind ^ m^ V = g^a' •'• 9r$ = ^*r* 

10. Energy of charging a system of conductors. 

Let us suppose the system to pass from the state in which 
the charge and potential of any conductor are denoted by the 
letters Q, V to that in which they are denoted by the letters 
C V\ And suppose each charge Q increases at a rate pro- 
portional to its final total increment Q[ —Q^ So that the 
charge of a conductor may be expressed at any instant as 
+ -^ (0' — 0)> ^ being the same for each conductor at each 
instant, and increasing from o to i, and its potential therefore 
as F+A:(r- F). 

(i) Let us suppose that the charging is done by bringing 
each element of charge dQ from an infinite distance up to the 
corresponding conductor at potential F. The work done in 
this operation is VdQ, Thus the energy expended on any 
conductor is 



X 



{ r+ x{y' -v))(ff-Q)dx^\(ff- Q) {v + V). 
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And the entire energy expended is 

(2) Let us suppose that the charging is done by carrying the 
entire system up to each element of charge originally at an 
infinite distance off. In this operation let a conductor having 
a charge Q have its potential increased by d V. Thus the work 
done on this conductor in this operation is QdV. And the 
entire work done on any conductor 

JQ + x((/^Q)}{r^ V) dx = H^' -V){ff^ Q\ 
And the entire energy expended is 

iS(r-F)«3'+0. 

Thus we have for the energy expended two expressions ; 

(i) The Eoim of the products of each increment of charge 
into the mean of the corresponding potentials. 

(2) The sum of the products of each increment of poten- 
tial into the mean of the corresponding charges. 

11. Energy of charging the system of conductors. Two 
expressions can be found for the energy of charging in terms of 
the coefficients / and q. 

In both cases let us suppose all the conductors charged at a 
uniform rate, which is proportional for each conductor to the 
final charge the conductor has on it. So that at any time a 
conductor which is finally to have charge Q and be at potential 
V may be supposed to have charge x Q and be at potential 
xV. 

The charges being xQ^^ xQ^, xQ^, ... the potential of A^ is 

Ai xQi +/12 XQ2 +As ^Qz + • • • • 
Therefore the energy expended in charging A^ is 

( Ai ^Qi +A2 ^Qi +As xQ^+.,.)Q^dx 

= 4 (Ai Qi +A2 Qi Q2 +/1S <?i Qz + -)• 

And we have similar values for each of the others. 

Remembering that/^, = Ar> we get for the entire energy ex- 
pended on the system, 






/' 
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iAi <?i'+ i/22 ^2"+ ... +A2 Oi Q^-^-PrzQ^Q. 

+A8O2OS+.... 
Again, the potentials at any instant being xV^yxV^.xV^, ... 
the charge on ^^ is 

The element of charge is 

(^u ^1 + ^12 ^2 + ^18 Vj,+ ...)dx. 
Thus the energy expended in charging A^is 

xV^ (^11^1 + ^12 ^2 + ^13 ^8+ ...) ^.^ 

= i(^n ^1^ + ^x2 ^1 ^2 + ^18 ^1 ^8+ ...). 
And similar values for each of the others. 

Remembering that qrt^^iry we get for the entire energy 
expended on the system, 

+ ^12 ^1 ^2 + ^^18 ^1 ^8+^28 ^2 ^8+.-- 

12. Alternative proo& that/„ = Ar *i^d q^^ ^= q^r- 
For we have the two expressions for the infinitesimal incre- 
ment of energy 5 PTof a system, dQ and 5 F denoting infinitesimal 
increments of charge and potential, 

dPF^2(Fa0=2(O8F). 

Thus if Wq and Wy denote the energy of the system expressed 
in terms of the charges and potentials respectively, we have 

' - dQ, ' 



Qr = 



 r 



dVr 

Then from the expressions for the potentials in terms of the 
charges and the coefiicients p, we have 

^'''^dQ.'"dQ.'dQ, ^dQ/ dQ'-^dQ,-^^''' 

And from the expressions for the charges in terms of the po- 
tentials and the coefficients ^, we have 
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_dQr_J[_ dW_ d_ dWy _ dQ, __ 

^'•' "" dV, ~ dV. ' dVr "■ dVr ' dV. ^ dVr" ^'*" 
These proofs are from MaxwelFs Electricity and Magnetism, 

13. Let Ar have a unit charge, all the other conductors 
being uncharged. Then the potential of -4^ is/^^. The poten- 
tials of the other conductors are A r > A r > • • • > i^«r ^ Let -4 , be 

that one of the other conductors which has the greatest potential. 
Now Af has positive and negative electricity on its surface, the 
two being numerically equal in quantity. Therefore some lines 
of force end on -4,. And none of these come from any of the 
other conductors, excluding A^, because these are all at lower 
potentials than A^, Now no lines of force can pass from 
infinity into the field. For if a very large sphere of radius r is 
described so as to have all the conductors practically at its 
centre, the electrical intensity at every point of its surface tends 

outwards and is -j. So that at all points on this sphere the 

lines of force are passing from the field to infinity. Thus the 
lines of force that end on A must start from A^, A^ then 
has a higher potential than A^, Therefore Ar is >Ar* There- 
fore prt is greater than any of the other coefficients p^^t 

Pir^ .... 

14. The lines of force passing off from the conductor at 
lowest potential must pass away to infinity, where the po- 
tential is zero. Therefore this conductor must be at a positive 
potential. 

Therefore all the coefficients Ad ArjAry'^^i^® positive. 

16. Let Ar be raised to unit potential, and all the other 
conductors be at zero potential. No lines of force can 
pass away from any other conductor, as A^y for none can 
go from Ag to infinity where the potential is zero, and none 
can go to Ar where the potential is unity. Thus lines of 
force pass from A^ to the other conductors, and as a rule 
some pass from A^ to infinity. Therefore all the electricity 
on Ar is positive, and all that on the other conductors is 
negative. 
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Therefore q^ is positive, and all the coeffioients such as 
q^^ are negative. 

16. If some lines of force pass from A^Xo infinity, which will 
be the case if none of the other conductors surrounds A^^ the 
negative electricity on the others is less than the positive on A^. 

Then^,^ > — (^ir + ^2r+ ... + ^.r+ ...)• 

17. Suppose A^ with some of the other conductors enclosed 
in -4„ which is a hollow closed conductor. Then all the lines 
of force starting from A^ must stop on -^, and the other con- 
ductors inside u4,. So that the electricity on A^ is just equal in 
magnitude but of opposite sign to all that on -4, and the other 
conductors inside-^,. Also there is no charge on any conductor 
outside -4,, for no lines of force can start from or stop on any 
such conductor. Thus q^ is equal to the sum of all the co- 
efi&cients with suf&x r relating to ^« and the other con- 
ductors inside it, taken with the — sign. And the coeffi- 
cients with suffix r relating to the conductors outside A^ 
are all zero. 

18. \i A^ is outside -4., a hollow closed conductor, and some 
other conductors are inside -4,, we can show in the same way 
that the coefficients with suffix r relating to all the con- 
ductors inside A^ are zero. 

19. It should be noticed that a coeflScient such as p^^ or ^„ 
does not depend only on the conductors A^ and -4,, but also 
depends, as a rule, on all the others. Also the coefficients/,.,., 
q^ depend on the entire system of conductors. 

20. In any charged electrical system we have seen that the 
electrical energy of the system is J 2 (Q V), 

Now let the system undergo any change of configuration, all 
the charges remaining the same as they were at first. The po- 
tentials will as a rule vary, and the increment of energy of the 
system will be i 2 «3 a F). 

If this change of configuration is produced by the electrical 
forces of the system, the quantity i S (QdF) will be negative, 
and numerically equal to the positive work done by these forces. 

21. Now let us suppose that this change in the configuration 
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is indefinitely small, and let us consider what the variation in the 
energy of the system will be when the same change in the con- 
figuration is produced, the poientials of the various conductors of 
the system being kept constant In this case, as the conductors 
move, their potentials tend to vary; and to keep them constant 
the charges have to be varied ; thus electrical energy, positive or 
negative, must be supplied to the system. 

Let the potentials be given in terms of the charges by the 
ordinary equations, such as 

Now the infinitesimal variations in the configuration will pro- 
duce infinitesimal variations dp^^y &c. in the coefficients/. 
We have for the energy of the system the expression 

Let us denote the infinitesimal increments of the energy of the 
system produced in the given variation of the configuration, 
when the charges remain constant, and when the potentials 
remain constant, by d Wq and d Wv respectively. 

Then we have 

In this expression the two suffixes r and s may become equal, 
and the coefficient Ar is to be taken as well as /„» 

Now if the potentials remain constant, we get by diflferentiating 
the expression for F„ and multiplying it by Q,., 

0= .,. -f- dp„ Qr Qg+pra Qr dQa+ .... 

In this the suffix s has a value corresponding to each con- 
ductor, the value r being included. 

Adding all such equations as this, got by giving all values to 
r, we get 

2 (^A. Qr Q.) + S (A. Qr dQ,) = o. 

And since A» = Ar> the group of terms from the second sum- 
mation forming the coefficient of dQg is equal to V,. 
Therefore 

S (/>„ Qr dQ.) = 2 ( r. dQ,) = 2d Wy. 
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And we have seen that 

.-. dW^^-dWy-o. 

If then the system is allowed to undergo any infinitesimal 
change of configuration under the action of the electrical forces, 
the potentials being kept constant, the energy of the system is 
increased by the same amount as it would have been diminished 
by if the charges had remained constant, and the potentials had 
been allowed to vary. The sources which keep the potentials 
constant are drawn upon for a quantity of energy double of this, 
one-half going to increase the energy of the system, and the 
other corresponding to the work done in the system. 

It follows that if the system undergoes a finite change of con- 
figuration with constant potentials, and if FT be the work done 
in the system by the electrical forces, the increase of energy of 
the system will be PT, and the energy supplied by the sources 
will be 2 PF. But in this case the work done, with charges con- 
stant, for the same configuration, and consequently the loss of 
energy, with charges constant, is not represented by W. 

22. Let (^ be any variable on which the configuration of the 
system depends. If </> is a line, the force tending to vary it is 
— dWi^/ d<f>. If <\> is an angle, the moment of the forces 
tending to vary it is ^dWq/dip. And we see that each of 
these expressions is also equal to 

dWy 

d<i> ' 

23. If there is a hollow closed conductor with no charged 
bodies inside it, then the potential is the same throughout 
the inside region as that of the conductor, and there is no 
electricity on the inside surfiEtce. 

There can be no line of force inside the conductor, for a line 
of force must start on a surface of one potential, and stop on a 
surface of a lower potential. Thus there is no variation of 
potential, or the potential is the same throughout the region 
inside as it is on the conductor itself. And every charged 
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surface is met by lines of force. Therefore there is no elec- 
tricity on any part of the inside surface. 

24u If a conductor is at zero potential, and there are no 
other charged bodies in the field, the potential is zero 
throughout the field, and there is no electricity on the out- 
side surface of the conductor. 

There can be no line of force in the field, starting and stop- 
ping in it, for in that case there must be two charges in it at 
different potentials. And there can be no line of force having 
one end on the surface of the given conductor and the other at 
infinity, where the potential is zero, because the potential of the 
given conductor is zero. Therefore there is no variation of 
potential in the field, or the potential is everywhere zero. And 
there is no electricity on the surface of the given conductor. 

25. Suppose vre have a hollow closed conductor kept at a 
constant potential V, with any number of charged conduc- 
tors inside. Then, however the outside electrical diistribu- 
tions may be altered, the potentials and distributions inside 
are unafiected. 

We shall include the distributions on the outside surface of the 
closed conductor among the outside distributions, and that on 
the inside surface among the inside distributions. 

Now the given outside and inside distributions are in equi- 
librium, and keep the closed conductor at potential V, 

Let us suppose these removed, and another set of outside 
distributions introduced, the conductor being kept at potential o. 
Then there is no inside distribution at all. And we have the 
conductor and every point inside it at potential o, under the 
action of the new outside distribution. 

Now let us superpose these two- states in equilibrium. We 
thus have the old and new outside distributions, and the old 
inside distributions in equilibrium, and the conductor at poten- 
tial V, and the potential at every point inside just what it was at 
first. 

Thus whatever new outside distributions are introduced, that 
is, however the outside distributions are changed, the only state 
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of equilibrium of the inside distributions is the original state. 
That is, the original state is unaltered. And the potential at 
every point inside remains what it was before. 

26. By similar reasoning it can be seen that if the closed con- 
ductor is not kept at a constant potential, an alteration of the 
outside distributions will not alter the inside distributions, but 
will alter the potential at every point inside by the same 
quantity. 

27. If a hollow dosed conductor is kept at a constant 
potential V^ no alteration of the inside distributions will 
alter the distribution or potential at any point outside. 

For the given inside and outside distributions are in equili- 
brium, and keep the conductor at potential V. 

Suppose these removed, and another set of inside distributions 
introduced, the conductor being kept at potential o. Then 
every point outside the conductor is at potential o, and there is 
no outside distribution at all. 

Now let us superpose these two states in equilibrium. We 
see then that keeping the conductor at potential F, and with 
any set of inside distributions, the only state of equilibrium of 
the outside distributions is the original state. 



CHAPTER IV. 
Capacities. 

1. Def. : THE CAPAOITT OP A OONDUCTOB is the 
oharge which must be given to it to raise it to unit 
potential. 

When the capacity of a given conductor is spoken of without 
reference to any other conductors, it is supposed that there are 
no other charges or conductors in the field. Let then C be the 
capacity of a conductor, and suppose a charge Q is given to it 
raising it to potential V, We have the relation 

Q^CV. 

2. A condenser is an arrangement of two conductors, each of 
which presents a large portion of surface close to the surface of 
the other conductor. In this way, by keeping one at zero po- 
tential, a large charge of electricity can be given to the other 
without greatly raising its potential. For the potential of the other 
is determined by the charge on it of one sign, and the charge of 
the other sign that it induces on the conductor at zero potential. 
And these two to a great extent cancel each other's eflfect. 

Let A^ and A^ be the two conductors forming the condenser, 
^uj ^12 > ^22 t^^^r coefficients of induction. Then we have the 
ordinary equations 

Ql = ^11 ^1 + ^12 ^2> 
02 = ^12^1+^22^2- 

By arranging the two conductors as described we can make 
the quantities ^n, ^ ^12, ^22 ^^U large and nearly equal. We 
know that ii A^ is completely surrounded by A^, q^^^ = — q^^ 

D 
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A^nd, without making A^ enclose A^, hy putting the surfaces of 
A^ and A^ close to each other for a large portion of their extent 
when A^ is charged to unit potential, and A^ is at zero poten- 
tial, most of their lines of force meet them both, and the quanti- 
ties of electricity on them are nearly equal, and of opposite sign. 
Thus we have q^ nearly = — q^^^ and similarly q^ nearly = — ^jg. 

Def. : THE CAPACITT OF A CONDENSEB is the charge 
that must be given to one of its conductors to raise it to 
unit potential, the other being kept at zero potential. 

If ^1 and -4 2 are the two conductors, we see from the above 
equations that the capacity of the condenser will be q^ or q^ 
according as A^ or A-^ is the conductor kept at zero potential. 

A simple form of condenser consists of two parallel conducting 
plates. If these are exactly equal and similar and similarly 
situated with regard to each other, it is obvious that ^^ = q^y 
and the capacity will be the same whichever conductor we sup- 
pose to be the one kept at zero potential. But it should be 
noticed that this depends too on the supposition that neither 
conductor is near enough to any other conductor or charged 
body to be inlBiuenced by it. 

A common way of making a condenser is to have each of the 
conductors A^ and A^ composed of a large number of parallel 
plates all electrically connected. The plates of -^^ lie between 
those of -^2, and they all lie quite close together, adjacent ones 
being insulated from each other by some highly insulating sub- 
stance, such as paraffined paper. 

By making a condenser in this way we get a very high 
capacity. Also, since each one practically encloses the other, we 
have very nearly q^ = — ^12 = ^22* -^^^ ^' ^^ immaterial which 
conductor we use as the one kept at zero potentigil. 

Let C be the capacity of the condenser. Then we have from 
the above equations 

Thus when a condenser is made in this way we can say that 
its capacity is the numerical value of the charge which each 
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conductor has on it when there is unit difference of potential 
between them. 

3. We shall now determine the capacities of some particular 
cases of condensers. 

(i) Two concentric spheres of radii a and h. 

Suppose the inner sphere of radius a to have a charge Q^ and 
the other to be at zero potential. This v/ill have a charge Q 
induced on its inner surface. The potential at the centre of the 
inner sphere is ., ^/i i\ 

I ah 



,\ the capacity is C = 



I I h — a 
~a^h 



(2) Two portions each of area *$" opposite to each other of 
two indefinitely extended parallel plates, at a distance a apart. 

Let the two plates be charged with equal quantities of elec- 
tricity of opposite signs. These will obviously distribute them- 
selves over the two plates in the same manner, and the plates 
will have equal and opposite potentials. Let these be V 
and - V. 

Now at points on the plates far away from the edges the 
action of the edges may be neglected, and the lines of force may 
be considered to be straight and perpendicular to the plates in the 
space between them, and the electrical density to be uniform. 

Also at a portion of the surface on the back of one of the 
plates far from the edges, the lines of force start off at right 
angles to the surface and go for a long way approximately in 
straight lines at right angles to the surface. The electrical 
intensity just outside this surface is therefore very small, and 
therefore also the electrical density. Thus taking a portion of 
surface of the back of one of the plates far away from the edges, 
we may suppose the surface-density on it to be zero. 

We may then consider two plane distributions c and — <r on 
two indefinitely extended planes. The potential V at any point 
of the positive plate is given by 

D 2 
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"Jo ^ r VW^>' 

= 2iro- / (l Vr 



= 2ir<r 



the expression vanishing at the upper limit. 
In the same way 

— F= —2Traa. 

Now the quantity of electricity on the portion 5" of the posi- 
tive plate is ^ r^ 

Thus the capacity is -jy = 



2 V 4Tra 

(3) The portions cut off from two indefinitely long coaxal 
cylinders of radii a and 6 by two planes perpendicular to the 
axis and at distance / apart. 

The lines of force are perpendicular to the axis, and the 
quantities of electricity opposite to each other on two correspond- 
ing elementary rings cut off by the same two planes perpendicular 
to the axis are equal and of opposite sign. Let the outer cylinder 
be at potential zero. Then there is no electricity on the outside 
of the outer cylinder at a distance from the edges. The 
potential V of the inner cylinder is the same as that at any 
point on the axis. Let o- be the density on the inner cylinder. 
Then 

-^_ r^/ 2Traa-dz 2Tra(rdz\ 

~ Vo V^M^ " V¥+¥^' 
L^^z+V¥+J^Jo 



00 

I , ;5 -h V «" f »" I 
= 4Tra<r 



1 ^ 

= 477^0' log - 

a 
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And the quantity of electricity on the portion of the inner 

cylinder is _ 

Q=. 2irala: 

I 



/. the capacity is 



1 ^ 
2log- 

a 



4. These capacities may also be determined by the applica-^ 
tion of Laplace's equation 



dx" dy ' dz^ 

(i) For the sphere. If we transform Laplace's equation to 

dV 
ordinary polar coordinates, and remember that -j~ = o and 

dV "^^ 

--- = o, we get the equation 

d^V dV 

r r- + 2 := ©• 

dr^ ^ dr 
This gives on integrating, 

r 

Let Fj and V^ be the potentials of the spheres of radii a and b 
respectively, o- the density on the first sphere. 

dV 
At the surface of the first sphere -^— = — 4770-. 

dr 



__ . 4770" a* 
* a 



= <-> 
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Q being the quantity of electricity on the first sphere. 

b — a 

The equations may be obtained in a simpler manner. For 
consider any sphere of radius r intermediate between a and h, 
concentric with the given spheres. Applying the theorem 



// 



Nds ^ ^itM to this sphere, we get 

•• dr f^' 

rr A Q A 4vaa^ 

.-. r=^ + — , or ^A-^- 

r r 

We get for the value of the potential at any point between 
the spheres at a distance r from the centre 

y_ K-V2 ai 6J\-aV, 

y — _ . ^ , 

— a r b — a 

(2) For the parallel planes. Take the axes of x and^ in the 
surface of one plane at potential F^, the other being at potential 
Fj. Let <r be the surface-density on the plane at potential V^. 
Laplace's equation becomes 

dW 

/. V=iA +Bz, 

" dz ' 

.'. -ff = 4 IT <r , 

.*. Vj = A, 
and Kg = -4 + 4770-^ ; 

/. P^ — Fj = 4'n(Ta, 
and Q=iS(r. 

47ra 
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The potential at any point distant z from the plane of poten- 
tial Fj is Fj + 4ir(r0. 

(3) For the coaxal cylinders. Transforming Laplace's equa- 
tion to cylindrical coordinates, and remembering that 



we get 



dV 

de 


= 0, 


A ^V 

and •^- s= 0, 
dz 




dw 

' dr- 


dV 




/. V 


= Alog -, 




dV 
• dr 


A 

~ r' 




A 

• • 

a 


= 4'>r<r. 



and 



Fi = 4ir<ralog — , 

Fj = 4 IT (T a log -^ . 

.-. V^-V^ = 47r(ra\og- 

And = 27ro-fl/, 

/ 



.-. C = 



, 3 
2 log- 



We get for the potential at any point at a distance r from the 

axis ^ 

Fi + 47r(ralog -, 

or F,-h4w<ralo^-, 

log- log- 

6. Suppose we have two parallel plates at a distance k apart 
kept at potentials F^ and Fj. Consider the force with which a 



1 
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portion 5 of the first, a long way from the edges, attracts the 
equal portion, opposite to it, of the other. We have seen that 
these two portions may be considered as forming a condenser 
of capacity Sj ^nh. So that the energy of the charge, as far 
as these two portions are concerned, is 

Thus the force on 5" tending to increase h is 

- 8^ ( ^1 - Vif. [See Chap. Ill, § 2 2.] 

Or the force of attraction on *$* is 

o 

It may be seen that this expression agrees with what we 
would obtain by considering the stress per unit area on 8\ for 
this is 2 j^ti^y and <r = — ( ^i — ^a) / A'^h, 

6. As another example, suppose we have two coaxal hollow 

cylinders A^ B ofi 

A — _JM. equal radii, and 

' separated by a 

short interval, and 

a third smaller 

cylinder C placed 
inside and coaxal with these. Let us suppose all the cylinders 
so long that we may consider the densities on them near the 
interval between A and B to be always the same as ihey would 
be on the supposition that the cylinders were of infinite length. 
Let the three be kept at potentials F^, Fj, V^, 

To find the force with which C is urged along its axis from 
A ioB. 

If C moves along its axis from A to B through a distance x, 
let us consider how the energy of the system is altered. The 
distribution at all points near the interval between A and B 
will remain the same as it was before with reference to A and 
B, but will rearrange itself with reference to C as C moves. 
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And the distribution near the ends of C will remain the same 
with reference to C as it was before. Thus the effect of the 
motion is merely to alter the lengths of those parts of the 
cylinders on which the distribution is uniform and the same as 
that on infinite cylinders. 

Let a be the capacity per unit length of a condenser com- 
posed of C and either A or B, 

Then the increase of the energy FT is 

iax(r3-F,)«-ia^(F,-K,)> 



= «a:(F,-jg(r,--^l±i^). 



And the required force is 



CHAPTER V. 

Specific Inductive Capacity. 

1. If instead of using air as the dielectric in a condenser, that 
is in the space through which the induction takes place, we re- 
place it by some other dielectric, it is found that the capacity of 
the condenser is always changed in a certain ratio (increased for 
all solid and liquid dielectrics) which depends only on the nature 
of the new dielectric used. 

Def. : THE SPECIFIC INDUCTIVE CAPACITY of a sub- 
stance is the ratio of the capaoity of a condenser having 
the given substance as dielectric to the capacity of the 
same condenser having air as dielectric. 

Strictly speaking, induction takes place, and lines of force 
pass, in the whole space surrounding the condenser, but prac- 
tically it is sufficient to have only a very limited space filled up 
with the dielectric ; for very nearly all the lines of force passing 
from one conductor to the other will be contained in a very 
limited space, although theoretically they occupy the whole of 
the space about the condenser. 

2. Let ^denote the specific inductive capacity of a given 
dielectric. From the above we see that if we have a sphere of 
radius a immersed in an infinite quantity of this dielectric and 
charged with a charge Q^ the potential at its surface, and there- 
fore also at its centre, is Q/Ka, Thus the potential due to a 
charge e condensed at a point, at another point distant r from 
(?, the medium being the given dielectric, is e/Kr. Therefore 
two quantities of electricity q and / act on each other with a 
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force of repulsion -^^ » r being the distance between them. 

8. If then with a given system of conductors having given 
charges, instead of using air we use a dielectric of specific in- 
ductive capacity K, the law of distribution on the conductors 
will be the same as in air, and the lines of force and equi- 
potential surfaces will be the same, but the electrical intensity 

at any point will be -^ of what it was in air. Thus the rate of 

variation of the potential along a line of force is -p of what it 

was in air. 

In the given dielectric the electrical intensity just outside a 

charged surface is — =- > and the stress per unit area on the 



surface is 



2 7r(r^ 



4. Suppose we have a charged oonductor in a medium 
whose specific inductive capacity, varying from. i>oint to 
point in any manner, is K just outside any given point on 
the BurfJBtce of the conductor: then, if (r is the siirCa^ce- 
density of the electricity at that point, the electrical intensity 



just outside that point is 



K 




Let ABhQ 2l portion of an equipotential 
surface drawn just outside the surface of 
the conductor, at an indefinitely small dis- 
tance dn from it. 

Now suppose AB io become an infinitely thin conductor in 
the neutral state. This will not disturb the field. The neutral 
state is therefore the state of electrical distribution on AB 
after it becomes a conductor. Now -4 -5 is in the neutral state 
as far as concerns the field, that is the quantity of electricity in 
^y indefinitely small space is zero. But what would really 
happen would be this. Electricity would be induced on AB, 
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i 



SO that there would be equal and opposite densities on opposite 
sides of AB at every point. 

Now consider a portion of AB of area s to be taken so small 
that we may make the following assumptions. That j is a 
plane surface : that the lines of force running from s to the 
given conductor all end on a portion / of the conductor, which 
is also plane and equal to s : that the specific inductive capacity 
of the medium between s and / is constant and equal to K. 

Then the capacity of the conductor formed of s and / is 

r-. Let dVhe the excess of the potential at AB over that 

4wan 

of the given conductor. Then so- being the charge on the 

portion / of the conductor 

XsdV 

sa-=: T— • 

4 IT an 

.'. the electrical intensity just outside / is 

dV 4ir<r 
"■ dn^'^X'* 

6. Suppose we have two conductors 

whose surfaces are A and B, with 

given electrical charges on them, and 

contained in a practically infinite di- 

jp|q ( electric medium of specific inductive 

capacity ^^, Let C be any equipo- 
tential surface in the given medium. 
Suppose the whole of C to become an 
infinitely thin conductor. This does not disturb the potential 
at any point. Now suppose that from all the region between 
C and B the first dielectric is removed and replaced by a 
second one of specific inductive capacity iTg. This does not 
disturb any of the given distributions, or the forms of the equi- 
potential surfaces or lines of force, but the potential difference 

-AT 

between C and B becomes -^ of what it was before. And this 

A3 

is true wherever the equipotential surface C is taken between A 

and B : so that the fall of potential along any portion of a line 
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of force between C and B becomes -=r of what it was in the 

first dielectric. Therefore F being the potential at any point 
between C and B^ and r a distance measured along a line of 

force, — at any point becomes in the second dielectric -^ 

of what it was in the first. Now if we remove the conducting 

sheet at C we do not disturb the field in any way. 

Let us consider the relation between the electrical intensities 

at two indefinitely near points P and Q on opposite sides of C 

in the first and second dielectrics respectively. Let V^ and V^ 

be the potentials at P and Q. When the first dielectric occupied 

dV dV 

the whole space between A and B^ -j^ and —~ were equal. 

dV K 
But now —7-' is -^ of what it was before. Therefore we have 
dr Ajj 

dV dV 

the relation K^ -^ = K. —^* 

^ dr ^ dr 

If F^ and F^ are the electrical intensities at P and Q^ 

K^ F^ = K^ F^. 

6. Then this is the relation we find between the electrical in- 
tensities on opposite sides of the surface of separation of the two 
dielectrics when their directions are at right angles to this 
surface of separation. 

We may notice that if at a point P in the surface of separa- 
tion of two media, M^ and M^^ the direction of the line of force 
in M^ is at right angles to the surface, its direction in M^ will 
also be at right angles to the surface. For the equipotential 
surfaces in the homogeneous medium M^ being at right angles 
to the lines of force, that at P must be tangential to the surface 
of separation. And the lines of force in M^ cutting the equipo- 
tential surfaces at right angles, that passing through P must be 
at right angles to the surface of separation at P, 

7. Let P be a point on the surface of separation of two 
media, M^ and M^^ of specific inductive capacities K^ and K^: 
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Suppose a distribution which produces a line of force through 

P at right angles to the surface of separation. Let F^ and F^ 

be the electrical intensities at P in M^ and M^, Then we have 

the relation 

iTj F^ = K^F^, 

Now let us remove this distribution, and let us suppose one 
which produces a line of force at P parallel to 
the surface of separation. Now the potentials 
Fj and V^ at any two indefinitely near points 
R and S^ just inside M^ and J/g, must be equal. 
And those at two other indefinitely near points 
i?' and 5" just inside M^ and M^ must also be 
equal. So that r being now measured along 
one of the present lines of force, we get 

dr dr 
Thus the electrical intensities just inside the two media are 
equal, and two lines of force indefinitely close to each other 
and just inside the two media are parallel. 

Now let us superpose these two distributions. Each of them 
will produce a component of electrical intensity at any point 
independently of the other. 

Thus any distribution giving rise to a line of force such as 

RPS passing through a surface of 
separation between two media, M^ and 
J/g, may be considered to be made up 
of two distributions, one of which pro- 
duces an electrical intensity at P in 
each medium at right angles to the 
surface of separation (for we have seen 
that if the intensity in one medium at 
P is at right angles to the surface of separation, that in the 
other medium at P is at right angles to the same surface), and 
the other of which produces intensities at P just inside the two 
media equal to each other and parallel to each other, and to the 
surface of separation. 
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Now let the components of the intensity at P in M^ be F^ 

and F at right angles and parallel to the surface of separation, 

and those at P in M^ be F^ and F in the same directions. We 

see that F.^ and F^ may be supposed to be produced by one 

distribution and the components F by another. Let /j and i^ 

be the angles which the lines RP and PS make at P with the 

normal to the surface of separation. 

Then we have 

K^ F^ = A'j, /'j ; 

\ F 1 F 

K^F^ K^ F^' 

that is -=- tan /, = -=^ tan I'g. 

Ai Aj 

Also since the component F is in the same direction just in- 
side each medium, the directions oi RP and PS at P are in a 
plane with the normal to the surface of separation. 

These two results may be called the laws of refraction of a 
line of force from one medium into another. 

8. Consider a small tube of force passing across the surface 
of separation of the two media M^ and 
M^ and intercepting on it a piece of 
area s. Let F^ and F^ be the electrical 
intensities just inside M^ and M^^ i^ and 
/*2 the angles their directions at the sur- 
face of separation make with the normal. 

Then 

K^ F^ cos i'l = K^ F^ cos ij. 

Now the areas of the cross-section of the tube just inside 
M^ and M^, which we may call s^ and jg* ^^e s cos ^'j and 

JCOS/j. 

.'. K^ F^ Sy ^ K^ F^ jg . 

We see thus that as we pass along an elementary tube of 
force, K, Fy and s denoting the specific inductive capacity, 
electrical intensity, and cross-section of the tube at any point, 
the quantity KFs remains constant, the tube being supposed 
to contain no electricity. 
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Now consider a tube of any size, and by dividing it up into 
an infinite number of elementary tubes of force, and applying 

this result to each of them, we get the result that / / KFds is 

constant throughout the tube. 

9. Consider an elementary tube of force having one end on 
the surface of a charged body, the surface-density being o- at 
that point, and F being measured along the tube from this 
surface. Just outside the surface KF ^r- \'r<t. If e is the 
quantity of electricity on the part of the surface forming the 
end of the tube, KFs at the surface = /^ite, :, 'the value of 
KFs at any point of the tube is \'Ke, 

If the other end of the tube is on a surface having a charge /, 
then KFs for any point of the tube is equal to — 4 tt /, 
because F is measured to the surface with the charge /. There- 
fore ^ = — /. 

We have then the conclusion that every tube of force begins 
and ends on equal and opposite quantities of electricity, the 
tube containing no electricity inside it. 

10. If any closed sorfleboe be drawn containing a quantity 
Q of electricity inside it, and if iV^ be the normal comi>onent 
of the electrical intensity at any point of the snrfeMse, and 
K the specific inductive capacity at that point, then taking 
the integral all over the surfoce we have 



// 



KNds = 47rQ. 

For if any elementary tube of force has an end inside the 
surface on a quantity e of electricity, and intercepts on the sur- 
face an elementary area ds making an angle 1 with the normal 
to ds, and F is the electrical intensity at ds measured outwards, 
then KFds cos 1 = 4 tt^ . 

That is, KNds = 4 jr ^ . 

Thus taking every elementary portion of the surface and the 

tube crossing it, we get / / KNds = 4nQ. 
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11. Def. : The product KF at any point is called the 
INDUCTIOia' at that point. 

In air, for which K is always unity, the induction is equal to 
the electrical intensity. 

The result, / / KNds = 4irQ, may be expressed as follows : 

The BtirfiEUse-integral of normal induction over a closed 
Burf^Kse is equal to 4 tt times the entire quantity of electricity 
contained inside the surfEice. 

This is a generalization of the proposition already proved for 
air as the dielectric medium, and expressed as 

ffNds = 47rQ, 

The quantity / / KFds taken over any portion of an equipo- 

tential surface is sometimes called the flow of induction. And 
we have shown that the flow of induction along a tube of 
force, containing no electricity, retains a constant value through- 
out the tube. 

Lines of force, considered as the lines along which induction 
takes place between electrical charges, are sometimes called lines 
of induction, 

12. MODIFIXD FOBMS OF FOISSOITS AND IiAFIiACE'S 
EQUATIONS. 

Let us apply the proposition // JSriV^^^ = 47rQ to the in- 
finitesimal parallelopiped dxdydz, the volume-density at which 
is p. 

The term contributed by the integral for the side dy dz is 

That for the opposite side is 

These two give rise to 

s 
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We get similar expressions from the other two pairs of sides. 
Adding them up and putting the result equal to ^ifpdxdydz, 
we get 

This is what Poisson's equation becomes in a medium whose 
specific inductive capacity varies in any manner. 

Putting /o = o we get Laplace's equation for such a medium. 

13. Let <r be the surface-density at any point on the surface 
of separation of two media of specific inductive capacities K^^K^, 
Let F denote the potential at any point, and n^y n^ the normals 
drawn from the given point into the two media. Construct an 
indefinitely small cylinder having its faces parallel to the surface 
of separation at the given point, and each of area s, and its! 
sides indefinitely small as compared with its faces. Take the 
surface-integral of normal induction over this cylinder. Since it 
contains a quantity jc of electricity, and the part of the integral 
arising from the sides is indefinitely small compared with that 
arising from the faces, we have 

^dV ^dV 

Thus -ff; -r- + ^o -7- + 47r(r = o. 
* dn^ dn^ 

At the surface of separation there is an apparent electrification 
arising from the electrical intensities in the neighbourhood. 
Let the surface-density of apparent electrification be </. This 
is the surface-density with which the given electrical intensities 
may exist when each of the specific inductive capacities is 
unity. 

Thus we have the equation 

dV dV , 

:^ + ^ + 47r</ = o. 
an an^ 



CHAPTER VI. 

Electrical Images and Inversion. 

1. BLEOTBIOAL iMAasis. The method of electrical 
images is a method given by Sir William Thomson for in- 
vestigating electrical distributions in certain cases. 

Def. : AN ELEOTBICAL IMAGE is an electrified point or 
system of points on one side of a surfiefcee which would pro- 
duce on the other side of that surface the same electrical 
action which the actual electrification of that surface really 
does produce. 

2. The theory of electrical images may be made to depend 
on the following proposition. 

The potential of a surface being given and the electrical 
distribution on one side of it, then the iK>tential and elec- 
trical intensity at every point on that side is fixed. 

Let V and V be possible values of the potential of any point 
P with the g^ven potential of the surface, and the given distri- 
bution on one side of it, P being on this side. 

Let us superpose the distribution producing potential V at P, 
and that producing potential P at P reversed. Then we have 
all the surface at zero potential, and no charges in the field on 
the side of it we are considering. Thus there can be no lines of 
force in the field, and every point in the field is at zero potential. 
Therefore F= F- 

Thus the potential is fixed for every point of the field, and 
therefore the direction and magnitude of the electrical intensity 
is fixed for every point in the field. 

e 2 
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3. To apply this theorem to electrical images. 

Suppose for any electrical distribution we draw an equipoten- 
tial surface at potential F, and determine the electrical intensity 
F at every point on this surface. Then, if we keep this surface 
at potential V and keep all the charges on one side of it as they 
were before, the intensity at any point just outside the surface, 
and on this side, remains what it was before. 

Let us then introduce a conductor into the field having its 
surface coinciding with the given equipotential surface, and keep 
it at potential V, The intensity at any point just outside it is 
Fy the same as that at the same point due to the original distri- 
butions on both sides of the equipotential surface. Having then 
determined F for any point on the surface due to the given dis- 
tributions, the surface-density at that point of the conductor is 

/747r. 

If then we have a conducting surface at potential V under the 
action of any distribution on one side of it, we can find the 
density at any point of it if we can determine a distribution on 
the other side of the surface, which with the given one has the 
given surface for an equipotential at potential V\ and if we 
can calculate the electrical intensity at all points of the equipo- 
tential for the two distributions. 

4. Call the original distribution A^ and its image with 
reference to the surface at potential F, B. We may plainly 
regard A as the image of B with reference to this surface. 
For if we introduce a conductor with a surface coinciding 
with this surface and facing B^ and keep it at potential V, we 
may then remove A, and the potential and electrical intensity 
will be the same at every pomt on the side of B as they were 
before. 

The electrical density at any point of this surface is equal 
and opposite to that which was at the corresponding point of 
the other conductor whose surface faced A. For the intensity 
F is the same just on one side of the equipotential surface as it 
is at the other at the same point, and in one case it is directed 
to the surface, and in the other away from it. 
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6. The entire quantity of electricity on the surface of 
a conductor under the influence of a distribution A is 
equal to the entire quantity in the image of A with refer- 
ence to the surflEU^e^ the distribution A being outside the 
surface. 

Suppose an infinitely thin conducting sheet put to coincide 
with the surface ; A and its image being only in the field. And 
let Q be the entire quantity of electricity in the image. A quan- 
tity Q of electricity will be induced on the inner surface of the 
sheet, and there will be a quantity Q on its outer surface. But 
this will be the quantity on any conducting surface facing A 
and coinciding with the given surface and kept at the given 
potential. 

6. To find the surface-density at any point of an infinite 
plane kept at potential zero, under the action of a charge e 
concentrated at a point at a distance a from the plane. 

Let the charge ^ be at -4. Draw -4 C 

perpendicular to the plane, and produce 

it to B^ making CB equal to A C. 
The charge e 2X A with a charge — e 

at B will maintain a surface coinciding 

with the given plane at potential zero. 

The charge — ^ at -ff is then the image 

oi e 2X A with reference to the given plane- 
Let P be any point on the plane. The electrical intensity at 

P due to e and — ^ is normal to the plane and, measured 

towards the side on which A lies, its value is 

e AC 2ea 

"^AP^^AP^'^AP'^' 

Therefore the surface-density at the point P of the plane at 
potential zero, tinder the action of e at A, is 

ea 
"■ 27rAP'' 

7. To find the surfeuse-density at any point of a sphere 
of radius a kept at potential zero, under the action of a 
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charge e concentrated at a point at a dlBtanoe h firom its 
centre. 

j> Let ^ be at the point 

A ; and C the centre 
of the sphere. 

Now suppose we 
have two charges e, 
and — / at two p>oints 
A and B, The sur- 
face of zero potential determined by them is given by the equation 

e / 
r = ^' 

P being any point of this surface, we have 

AP e 
BP^/^ 

The internal and external bisectors of the angle APB meet 
AB in two fixed points D and E^ such that 

AD _ AE _e 
DB^ BE" ^' 

Remembering that DPE is a right angle, we see that the 
locus of P is the sphere having DE as a diameter. 
Also, we can easily show that 

p CA 

-/= 7Tt\' and CB.CA = CD\ 
e CD 

Thus the image of ^ at -4 with reference to the given sphere is 

a c^ 

— ^ *-; at a point B^ such that CB c= ^ . 

We have to determine the electrical intensity at any point P 

CL 

of the sphere under the action of ^ at -4 and — ^. 7 at jff. 
This consists of two components, "Tpi along AP^ and 

- ;^a • I along BP. 
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Resolving these in the directions AC and CP^ we get 

e ,h €,BC a 
-jpi — ~^p^ . ^ in the direction ACy 

. -^ in the direction CP, 



AP' BP^ b 
Now the triangles CBP^ CPA are similar. 

b 



Thus BP'^^APK,^, 



and BC=^%' 

o 

Therefore the component of the intensity at P in the direction 
AC vanishes, as it should do, this intensity being entirely in the 
direction CP, 

We have for its value 

/_i i_ ^\ 

^^\AP^ BP^^ b) 

"" "^ aAP^' 
Therefore the surface-density at P is 

4naAP^' 

If the charge ^ at -4 is inside the spherical hollow DP£, its 

image at B is outside. 

We would find now for the surface-density induced inside at 

P the value 

_ e{a^-b^) 

47raAP''' 
In both cases we get for the density at P the value 

e.AD.AJS I 
4nCP 'AP^' 

The surface-density at any point due to any number of con- 
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centrated charges is found by superposing those due to each 
charge separately. 

8. Suppose the sphere to be at potential V. This would be 
maintained by a uniform surface-density 

V 

with no other charges in the field. 

Thus the surface-density at potential Fis found by superposing 
this and the surface-densities due to the various charges. 

The entire quantity of electricity on the sphere at potential V 
under the action of charges e^^ e^, ^3, ... at distances ^j, d^y 3, 
from the centre, is equal to the charge which would alone keep 
it at potential V together with all the charges in the images ; 
that is, to 






K K h 

fr 

9. Suppose we have two planes intersecting at an angle - 9 

n 

where n is any integer ; and at potential zero, under the action 
of a charge e at any point P between them. We can find 
the surface distributions of the planes by means of electrical 
images. 

Let AO, BO be the traces of the 
planes on the plane passing through 
P and at right angles to each of them. 
Let this plane cut the line of inter- 
section of the given planes in O. 
Describe a circle with O as centre and 
OP as radius. 
Let /.AOP = a, and take a series 
of points Qi, P29 Q29 &c« round the circumference of the circle, 
such that 

AAOQ^^a, 

lAOP.^^^a, 
n 
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ft 

and so on. 

Now suppose we have a charge e at each of the points P^, F^, 
&c., and a charge — ^ at each of the points ^,, Q^, Q^, &c. 
These charges will clearly keep the planes OA , OB at potential 
zero. Thus they are the image of the charge e 2X P with 
respect to the given planes. 

We can then by determining the electrical intensity at any 
point of the given planes due to the charges at the points -P, Q^, 
P^i Qij &c., find the density of the electrical distribution at any 
point. 

10. INFINITE SUCCESSIOJNT'OF IMAGES. 

Suppose we have two parallel planes, of indefinite extent at 
potential zero, under the action of a charge ^ at a point P 
between them. We can find the distribution at any point on 
either of them by electrical images. 



& SLSl 



iLms 



iL£ &j» 



Let the straight line through P perpendicular to the two 

planes meet them in the points ^-and B. And let PA = a, 

PB = hj and a + 3 = r . 

Take an infinite series of points, Qu P^y Q^^ ^c., to the left 

of A on the straight line AB^ such that 

AQ, = a, 

AP^-=. 2r — a, 

AQ^^ 2C'^a, 
and so on. 

And take an infinite series of points, g,piy ^i» A> ^2' ^^'> ^^ 
the right of B, such that 

Bg = d, 
Bp^ = 2 f — 3, 
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Now if we suppose a charge e placed at each of the points 
-^2* -^sj'-'j A> A>'"> ^^^ * charge — e placed at each of the 
points d, Oa, ... , ^, ^1, ^2> •••» these with the charge e zX P will 
keep each of the planes at potential zero. 

This infinite system of charges is then the image of the charge 
P with respect to the two planes. 

The electrical intensity at any point on the plane through A, 
at a distance r from A, due to two charges e and — e,2X two 
points on the line AB 2X distances / to the right and left of A 
is normal to this plane and equal to 

2el 

Thus the density at any point on the plane through ^ at a 
distance r from A is equal to 

^^» (2« + i)r — 3 



2 TT -^0 [{ (2 « + i) r - 3 P + r«]* 

2ir -^0 [{(2 n+i)c^d\^ + r^]^' 

And we find a similar expression for the density at any point 

on the plane passing through B. 

11. QEOMETBlCAli INVEBSION. Let O he 2L fixed point. 

Join O to any point P, and take the 
point -P' on OP such that 

OP. OP'- a^. 

Then P' is called the inverse of the 

point P with respect to a sphere of 

centre O and radius a. And the process of obtaining P' in 

this way from P is called inverting P with respect to the sphere. 

O is called the centre of inversion. 

If we invert every point on .a given surface, or within a given 
volume with reference to a given sphere, it is obvious that the 
inverse obtained will be a new surface or a new volume. 
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12. The following propositions in Geometrical Inversion will 
be found useful. 

(i) Every circle in a plane with the centre of inversion be- 
comes, when inverted, a circle, except it passes through the 
centre of inversion, and then it becomes a straight line. 

For if b is the distance of the centre of the given circle from 
O^ and c its radius, its equation is, taking the origin of polar 
coordinates at O, and the initial line passing through the centre 
of the given circle, 

p^^2bp cos d + 3^ — ^ = o. 

a' 
For the inverse we must put — for p. 

9 



Thus we get 

2a^b ^ a* 

^,-^pcosd+^^ 



P'- 7i-^PC0sd+-Ii—T=°- 



This shows that the inverse is a circle, unless 3 = r , in which 
case it becomes the straight line 

ibpco^Q — a^ = 0. 

(2) From this it follows that the inverse of a sphere is a 
sphere unless it passes through the centre of inversion, and 
then it becomes a plane. 

13. (3) The angle between two lines is equal to the angle 
between their inverses. 

For Py Q being two points, and P', Q^ 
their inverses, the triangles OPQy 
PQ^P^ are similar, and the angle OPQ 
is equal to the angle OQfP, There- 
fore in the limit when P and Q are 
indefinitely near together, we get LOPQ 
= LQP'P. 

Therefore two lines making the same angles with OP'P 
as their inverses do, the two lines will cut at the same angle as 
their inverses. 

{4) From this it follows that two surfaces cut each other at 
the same angle as their inverses. 
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14. EliEOTBiCAli INVEBSIOM". Suppose any group of 
volumes and surfaces in which there is any given electrical dis- • 
tribution to be inverted with respect to a sphere of radius a. 
And let every indefinitely small portion of electricity be re- 
placed in the inverse by its image with respect to the given 
sphere. 

Let e and / denote indefinitely small corresponding charges, 
either surface- or volume-distributions, at two corresponding 
points P and P' , distant r and r' from O, 

Then !=? = !. 

era 

Let J, / denote two indefinitely small corresponding areas, 
and V, v' two indefinitely small corresponding volumes at P 
and /". 

Then 



/ 


a* 




/* 


— z^ 


— 


— ~ 




S 


r 




a* 


v' _ 


a« 




ffi 


V ~~ 


r« 


^ 


a« 



and 

Let (T, <t' denote the surface-densities, and /o, p the volume- 
densities at Py P', 

Then combining the previous results, since 



and 



.we get 



and 



(7 


: <r = 


/ e 


/ 


:p = 


/ e 

-7:— 5 

V V 






^3 







a^ 



Let ^, / be two corresponding charges at P and /*', and let 
the potentials due to these at Q, (^ be F, V\ 



Then F= ^, and V = * 



PQ' P'Q^' 
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YL - 1 E^ 

"" OP' OQf' 

• OQf 

In the same way if we take a system with any electrical dis- 
tribution producing potential V at b. point Q, and invert it ; 
since the entire potential produced at any point is the sum of the 
separate potentials produced by the various elementary charges, 
the potential at Q/ the inverse of Q will be 

OQ"' 

15. If now we suppose the locus of all points such as Q" to 
be a conducting surface, and we place at O a charge — Va, this 
surface will be in electrical equilibrium at potential zero, and we 
can calculate the density at every point of it if we know the 
density at all points of the corresponding original surface. 

Conversely, if we have a conducting surface at potential zero 
under the action of a charge e concentrated at a point O, we 
can get from it, by inversion with respect to a sphere of radius 
a and as centre, a conducting surface at potential —e/Uy and 
find the electrical distribution on it. 

16. As an example, suppose a sphere of radius a raised to 
potential V; and let us invert it with respect to a sphere having 
its centre O on the surface of the given sphere, and of radius 2 a. 

We get for the inverse a plane touch- 
ing the given sphere at a point A, dia- 
metrically opposite to 0. 

The density at any point P of the 

sphere is y 

• • 

^tra 

Therefore that at the corresponding point P^ on the plane is 

V {2 of __ V.OA^ 
4na' OP'^'^ 27rOP'»' 
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Thus the plane would have this electrical density on it, and 

be at potential zero under the action of a charge — 2 a F at O. 

Or with a charge e vX O and the plane at potential zero, the 

density at /" is 

_ eOA 

a result already obtained. 



CHAPTER VIL 
Electrometers. 

1. An Electrometer is an instrament for measuring differences 
of electrical potential by means of the force exerted between 
bodies raised to different potentials. We shall merely consider 
the principles of the action of two electrometers, omitting all 
details about their construction and use. 

2. Sir William Thomson's Attracted-Disc Electrometer arid 
Absolute Electrometer, which works on the same principle, 
have the following for their essential parts : — 

jff is a horizontal circular plate, B C B 

having a concentric circular aperture, 

which is very nearly filled up with a 

disc C ; the latter being in position when its lower surface and 
that of B are in the same plane. -^ is a circular plate parallel 
to B and C, and whose distance from them may be adjusted by 
means of a micrometer screw below A, 

C is suspended by metallic wires, or in the Absolute Electro- 
meter by an arrangement of springs, and to bring it into position 
it must be pulled down by a force Z', which is determined in 
dynes. It is observed whether C is in position by a suitable 
arrangement of lenses. B and C are kept in electrical con- 
nexion, and so at the same potential. 

Let iS be the area of the disc C, d the distance between C and 
A, Fthe difference of potentials between C and A, 

Then v=dj^-^. 
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By keeping A and B at the potential difference which we 
wish to measure and measuring dy this potential difference may 
be found in this way. This is called by Sir William Thomson 
the ' idiostatic ' method of using the instrument. 

As the absolute distance between the plates is not an easy 
thing to measure, the instrument is generally used in the following 
way, called by Sir William Thomson the * heterostadc ' method 
of using it. 

B and C are kept at a constant potential, and A is connected 
successively with the two points whose potential difference we 
wish to measure. Let F, V be the potentials of the two points; 
d and ct the distances of A from B for these two connexions 
when C is in position. 



Then 



r-.r=(^-.^ J 



Now d^ — d is a quantity that can be obtained with much 
greater accuracy than d; for it is simply the difference of the 
readings of the micrometer screw for the two positions of A^ 

3. Sir William Thomson's Quadrant Electrometer has the 
following for its essential parts : — 

A flat cylindrical brass box has small circular portions cut 

away round its axis, and is divided 
into its four quadrants, A, B, C, D, 
and placed with its axis vertical. A 
light flat aluminium needle swings in 
the centre of the box about an axis 
coinciding with that of the cylinder, 
and is suspended by a bifilar suspen- 
sion; and is of such a shape that as 
it turns through any small angle d the 
portion passing out of one quadrant into the next is propor- 
tional to 6, equal to k 6, say, that is, for some extent, the ends 
of the needle must be portions of a circle having for centre the 
point where it is met by the axis. Opposite pairs of quadrants, 
A and C, and B and D, are joined across by wires, so that 







Chap. VII.] Electrometers, 65 

A and C are always at the same potential, and likewise B 
and D. 

The needle is kept at a constant high potential V, Let A 
and C be at potential F^, and B and D at potential Fg. And 
suppose that the needle is deflected through an angle 0, passing 
out of quadrants A and C into quadrants D and B. Let us 
consider the value of the statical moment which maintains this 
deflexion. We shall suppose this angle to be small enough for 
the side-edges of the needle still to remain well enclosed within 
the quadrants within which they were in the position of equi- 
librium. 

Let the capacity of the condenser, formed by a portion of the 
I needle well enclosed within a quadrant and far away from the 

! side-edge of the needle, be c per unit angle. Imagine the de- 

flexion to undergo a slight increment dO, so that an angular 
portion dO of the needle passes into each of the quadrants 
B and D, and an equal angular portion out of A and C. The 
corresponding increment of the energy is 

dw=:icde{v^v^^-icde{v^v^y 



= r^^(F,-F,)(r-il±il). 



Therefore the moment of the force producing the deflexion 

Ois 

dW 



do 






Now Fis kept very large as compared with V^ or F^. Thus 
we may suppose F— (F^ + Fg)/2 to be constant. And for 
small deflexions the moment of torsion in the bifilar suspension 
is proportional to the deflexion. Thus we have, m being a 
constant depending on the instrument, 

m is called the constant of the instrument, and its value may be 
determined by using a known, potential difference for Fi—Fg, 
and observing the corresponding deflexion. 
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CHAPTER I. 
Magnets. 

r 

1. Certain bodies are found to possess the property that at 
any given locality on the earth's surface any such body tends to 
set itself, so that a certain line in it has a definite direction with 
regard to the earth. Such a body is called a Magnet. The 
line which sets in a definite direction is called its Magnetic Axis. 
The magnetic axis may be found by setting the magnet so that 
it can move freely about its centre of gravity, and finding the 
line which always sets in a definite direction. 

Magnets may be natural, such as the iron ore called lode- 
stone ; or artificial, such as pieces of steel in which the property 
has been produced by rubbing with other magnets, or by other 
methods, called methods of magnetizing. 

2. It will be seen that the magnetic axis of a body, as above 
defined, is not a definite line, but only a definite direction fixed 
in the body ; for if a certain line in the body takes a definite 
direction, then, of course, any line parallel to it does. For de- 
finiteness that line which passes through the centre of gravity of 
the body and sets in a definite direction may be considered as 
the magnetic axis. 

If we suspend a magnet, so that it is capable of moving freely 
about a vertical axis perpendicular to its magnetic axis, the 
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magnetic axis will, as a rule, set in a definite azimuth, pointing, 
as a rule, more or less north and south. That end of the axis 
which points northwards is called the north pole, and that end 
which points southwards is called the south pole. These names 
are often abbreviated into iV. pole and S, pole. 

3. If we take a lot of magnets and determine their N, and S, 
poles, we shall find on presenting a pole of one to a pole of 
another which is suspended, that a N, and S, pole will mutually 
attract each other, but two N» poles or two .S*. poles will 
repel each other. We thus get the first law of magnetic 
action. 

IjAT^ I. lake poles repel each other, and unlike poles 
attract each other. 

4. If a long thin straight piece of steel be magnetized in such 
a way that there is no magnetic action due to any point of it 
except its ends, it is said to be uniformly magnetized. 

Uniform magnetization cannot be exactly obtained in any 
actual magnet ; but by careful magnetization a close approxima- 
tion to it can be obtained. 

6. A mag^ietic field is any region in which magnetic influ- 
ence is exercised. The region round about a magnet, for 
instance, is a magnetic field ; and as we have already seen,' the 
earth itself produces a magnetic field. 

If we take a long thin uniformly magnetized bar, the magnetic 
action which this will produce, or the extent to which it will 
itself be acted on in a magnetic field, will depend on what we 
may call the quantity of magnetism in its poles. The iV. pole 
of a magnet is said to have positive magnetism, and the S, pole 
negative magnetism. 

Now let us take any number of such magnets and put them 
so that all their N, poles are together. They will as a rule (as 
we shall see later on) affect each other, the state of magnetization 
in each being to a certain extent altered by the presence of the 
others. But in a case in which we may neglect this action, as is 
nearly the case if the magnets are made of well-tempered steel, 
it will be found that the combined N. pole thus obtained is 
acted upon at any given point in a magnetic field with a force 

F 2 
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equal to the sum of the forces with which the separate poles are 
acted on at the same point. Thus we conclude that the force 
with which a pole is acted on in a given field is proportional to 
the quantity of magnetism in it. Thus we see that if we have 
two given magnetic poles in given positions, the force with which 
they act on each other is proportional to the quantity of 
magnetism in each, when that in the other remains constant, or 
this force is proportional to the product of the quantities in the 
two poles, whatever be the unit of quantity of magnetism. 

6. By using long thin bars, as uniformly magnetized as pos- 
sible, with the torsion-balance, Coulomb showed that the force 
between two poles is inversely proportional to the square of 
the distance between them. Putting these results together, we 
get the second law of magnetic action. 

IiAT^ II. Two magnetic i>olea act on each other with a 
force pro];>ortional to the quantities of magnetism they con- 
tain, and inversely proi>ortional to the square of the distance 
between them. 

The quantity of magnetism in a pole is also called the strength 
of the pole. 

Let two poles of strengths m and m! be at a distance r centi- 
metres apart, and let F be the force of repulsion between them. 

Then /'= k -— , 

where k is some constant. 

We have .not yet fixed upon the unit of magnetism or unit 
strength of pole. Let us so take it that when m and ni each 
become a unit, and r a unit of length, F may be a unit of force. 
Then ^= i. And the above equation becomes 

F- —3-. 

And we have the following definition of the unit of magnetism. 

Def. : A UNIT OP MAGNETISM is that quantity of 
magnetism which must be concentrated in an indefinitely 
small pole, so that when placed at a distance of one oenti- 
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metre from an exactly similar pole it repels it with a force 
of one dyne. 

7. Def. : THE INTENSITY of a magnetic field at a given 
point is the force in dynes with which it acts on a unit 
magnetic pole placed at that point. 

A magnetic field is completely determined if we know the 
intensity at every point of it and the direction in which a posi- 
tive pole would be urged at every point. A magnetic field is 
said to be uniform if each of these two things is the same at 
every point of it. 

If the intensity of a field is ZT at a given point of it, a pole of 
strength m will be acted upon at that point with a force oi mH 
dynes. For, from what we have already seen, the force with 
which a given magnetic system acts on a pole is proportional to 
the strength of the pole. 

8. At a given locality of the earth's surface, the field due to 
the earth may be taken as practically uniform ; for it is found 
that the direction in which this field tends to set the magnetic 
axis of a magnet, and the statical moment with which a magnet 
placed in a given direction is acted upon, both remain constant 
all throughout a given space of moderate dimensions. 

From this it can be shown that the entire quantity of mag- 
netism in any magnet is algebraically zero. For it can be 
shown by various experiments that the resultant magnetic force 
with which the earth acts on any magnet is zero. A piece of 
steel is found to weigh exactly the same before and after mag- 
netization. A magnet hung at the end of a vertical thread does 
not cause it to deviate from the vertical. A magnet floated on 
a piece of wood in water does not move away bodily in any 
direction. 

» Thus the earth's field merely tends to set a magnet with its 
magnetic axis in a certain direction by means of forces acting 
on it which are equivalent to a statical couple, and does not tend 
to move it bodily in any direction. 

9. Def. : A MAQNETIC IilNE OF FOBCE is a line drawn 
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in the field such that its direction at any point is the direc- 
tion of the magnetic intensity at that point. 

These lines correspond to lines of force in the electrostatic 
field. In the same way we have equipotential surfaces and tubes 
of force in the magnetic field. And the state of a magnetic field 
may be completely shown by drawing its equipotential surfaces 
and lines of force, just as was done for the electrostatic field. 

A great many propositions proved for the electrostatic field 
will hold without modification for the magnetic field. Thus we 
have the following : 

The surface integpral of normal magnetic intensity over 
any section of a magnetic tube of force containing no mag- 
netism is constant throughout the tube. 

This integral will be represented by the number of lines of 
force passing through the tube. 

10. Def.: the magnetic potential at any point 
of a magnetic field is the work which would be done by the 
magnetic forces of the field on a positive unit of magnetism 
as it moves from that point to an infinite distance. 

If (T denote the surface-density at any point of a field, and p 
the volume-density, and r denote the distance of a point P from 
an element of surface dsy and r' its distance from an element of 
volume dv, it may be shown, just as in the case of electrostatic 
potential, that the potential at P is 



If7''*fII>- 



11. Def. : THE MAGNETIC MOMENT of a magnet is the 
statical couple with which it would be acted on by a 
uniform magnetic field of unit intensity if placed with 
its magnetic axis at right angles to the lines of force of the 
field. 

If the magnet is a bar uniformly and longitudinally mag- 
netized, its magnetic moment is the product of its length into 
the strength of its positive pole. 

Suppose a magnet of moment M to be placed in a uniform 
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field of intensity H, so that the axis of the magnet makes an 
angle with the lines of force of the field. 

We may suppose the field made up of two fields of intensities, 
ZTcos and ZTsin Oy having their lines of force respectively 
parallel and at right angles to the axis of the magnet. The 
first of these gives rise to no statical moment acting on the 
magnet. So that the statical moment with which the magnet 
is acted on in the given field is that due to the second part, or 
is Ml/sin 6, 

12. To find the potential due to an indefinitely small 
magnet of magnetic moment JHf at a 
point distant r from it ; the distance 
r making an angle € with the positive 
direction of the magnetic axis. 

First, let the magnet AB be uni- 
formly magnetized, having a positive 
pole mBX Ay and a negative pole —m^xB. PBA is the angle €. 

Potential at P is 




PA PB^ 
PB^PA 



•=-m 



PA.PB 
m AB cos € 



r« 



in the limit, 



Mcose 



Next, suppose the magnet to be magnetized in any manner. 
We may then, by putting each litde element of positive 
magnetism in it with an element of negative magnetism, sup- 
pose it to be made up of uniformly magnetized magnets of 
moments Jlfi, J!^, ... whose axes make angles e^, tj, ... with 
the distance r. 

Then the potential at P is, as before, 

M^ cos €i -h i^g cos fa + ... 
: ^5 
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But M^ cos €i +iIS^ cos €a+ -. = i^cos €, for each of these is 
the statical moment with which the magnet would be acted on 
by a field of unit intensity whose lines of force are at right angles 
to r. 

Thus the potential at P is 

Jl/cose 

13. Def. : THE INTENSITY OF MAGNETIZATION of 
a magnetized body at a given point is its magnetio moment 
per unit volume at that point. 

That is, if dv is an element of volume of the magnetized body 
at a point P, and dM the magnetic moment of this volume, the 
limiting value of dM/dv when dv is indefinitely small is the in- 
tensity of magnetization at P, 

The magnetization at any point of a magnet may be defined 
by its intensity and its direction. The direction is the direction 
of the magnetic axis, reckoned from S, pole to N, pole, of the 
element of volume dv. 

We shall denote the intensity by /. And the direction may 
be defined by its direction-cosines A, /m, z;, referred to three 
rectangular axes. 

The magnetization at any point may also be given in terms 
of its three components referred to rectangular axes. Let these 
be A, B, C. 

Thus A—I\,^ — I\k, C = Iv. 

14. Let us consider the potential at a point P (f, r/, due to 
a given magnetic system. Let the components of magnetization 
at any point {x,y,z) be AyB, C. Let r be the distance from 
{x,j^, z) to the point P ; and € the angle between r and the 
direction of magnetization. 

Then rcos 6 = X(f—.r) + /bi(ry —_>') + r(C—5f)- 
Thus the potential at P due to dx dy dz is 

I cos C I 

— 5— dxdydzz= {A (f - ^) + Piv -y) + C {(- z)} ^dxdydz. 
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Thus the entire potential at P is 

But since r^ = (f - x)^ + {rj -yf + (C - s)^ 

d I f — a; 



• — 



dx r 
So that integrating by parts, we get 



9 and so on. 



V=:ffAjdydz+JfB^dzdx+ffc^dxdy, 

Or, if /, m^ n are the direction-cosines of the normal to an 
element of surface ^.S", and dv is an element of volume, we get 



V- ff{lA+mB-i-nC)-dS 



-///( 



dA dB dC^ I ^ 
dx dy dz^ r 



Thus we may suppose the given magnetization to be produced 
by a surface-density o-, and a volume-density p, such that 

o-zzziA + mB-^nCy 

/dA dB d€^ 
and ^ = -"(-^ + ^ + ^> 

15. Def.: a MAGITETIC SOIiENOID is an indefinitely 
narrow filament magnetized everywhere in the dtreetion of 
its length. 

Def. : THE STBENGTH of a solenoid at any point is the 
product of the intensity of magnetization and the area of the 
cross-section at that point. 

A solenoid is called Simple or Complex according as its 
strength is the same throughout, or varies from point to point. 

Let a be the area of the cross-section at a given point of a 
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solenoid, M the magnetic moment of an element of length 

ds at this point, / the intensity, and m the strength at this 

point. 

Then m = /a, 

and lads = M, 

:, M •=. mds, 

p Suppose we have a simple solenoid 

AB, BA being the direction of magnetiza- 
tion ; m the strength. Let /* be a point 
whose distances from the ends A and B 
are r^ and r^. 

Let QR be an element of length ds in 
the solenoid, such that PQ = r, PR = r-\'dr. Then the po- 
tential at P due to QB is 

^^s mdr 

— QOsPQR^^-^. 

Thus the potential at P due to the whole solenoid is 




r^ mdr /I ix 



This is what would be due to two poles of strengths m and 
— m placed at A and B. 

If a simple solenoid forms a closed curve it produces no 
magnetic effect at any point. 

Def. : A given distribution of magnetism is said to be 
SOIiENOIDAIj if the substance in which it exists can be 
divided into, simple solenoids, which either form dosed 
curves, or which have their ends in the surface of the 
substance. 

For a distribution to be solenoidal, the condition is that there 

should be no volume-density of magnetism. That is, we have 

the condition 

dA dB dC 

— -{■ — + — = o* 

dx dy dz 



Chap. I.] Magnets, 75 

16. Def. : A MAGNiETIC SHEIiL is an indefinitely thin 
sheet magnetized everywhere in the direction normal to 
itself: 

Def. : THS STBENGTH of a shell at any point is the 
product of the intensity of magnetization and the thickness 
of the shell at that point. 

A shell is called Simple or Complex according as its strength 
is the same throughout or varies from point to point. 

Let / be the thickness of a shell at a given point, M the 
magnetic moment of an element of area dS at this point, / the 
intensity, and 4> the strength at this point. 

Then 4> = //, 
and ItdS—M) 
.-. Mz^^dS. 

Suppose we have a simple shell of 
strength 4>. Let o) be the solid angle 
subtended at a point P by the contour 
of the shell, o) being reckoned positive 
or negative according as on the whole 
the positive or negative surface of the 
shell faces P* 

Now consider an element of area dS of the shell, at a distance 
r from P, whose magnetic axis makes an angle € with r, and 
which subtends a solid angle </a) at P, The potential at P due 
to this element is 

^^^ ^^ 

r— cos C = q> flf 0), 

for e/co has the same sign as cos €. 

Thus the potential at P due to the whole shell is 

Thus the magnetic action at any point, due to a shell of given 
strength, merely depends on the contour of the shell. 

Suppose a magnetic pole of strength w to be at a point P 
just outside a shell of strength ^ on its positive side, P being a 
point at which the contour of the shell subtends a solid angle o). 
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Let the pole m be moved round the edge of the shell, and 
brought up to a point Q just opposite to P, At ^ a solid angle 
47r — ft) is subtended by the contour of the shell, but Q is faced 
by the negative side. Thus the potential at Q is <!>(&) — 4-71). 

Thus during the motion of the pole work is done on it by the 
shell equal to \Ts^m, 

A simple magnetic shell of strength <l> which forms a closed 
surface produces no potential at any point outside, and a po- 
tential + 4'7r<I> at every point inside, according as the positive 
side is inside or outside. Thus such a shell will exert no action 
on a magnetic pole placed either outside or inside it. 

17. Def. : A given distribution of magnetism is said to be 
IiAMEIilf ABif tlie substance in wMch it exists can be divided 
into simple magnetic shells, which either form closed stir- 
fietces, or have their edges in the surface of the substance. 

If a distribution is lamellar, then in passing from a fixed point 
to another point, by any path whatever, the algebraic sum of the 
strengths of the elementary shells we pass across, reckoned 
positive or negative, according as we pass across any shell from 
negative to positive side, or vice versa, is constant for all paths. 
Let this be </). Suppose the element of path ds makes an angle 
Q with the direction of magnetization at any point ; and let the 
intensity of magnetization be /. Then the integral of Ids cos B 
from the first point to the second must be equal to </>. 

Now /cos^ = ^^+^f +C^. 

ds ds ds 

the integral being taken between the first and second points. 
Therefore we must have 

dx^ dy' dz' 

18. To find the mutual potential of a simple shell and a given 
magnetic system ; that is, the work done on the shell as it moves 
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off from its given position with respect to the system to an in- 
finite distance. 

If we have an indefinitely short magnet of strength ot, length 
ds, and moment M, with its negative and positive poles at points 
in a field at which the potential has the values V and F', then 
the potential of the magnet in the field is 

dV dV 

^ ' ds ds 

where ^ is measured along the positive direction of the axis of 
the magnet. 

Now let 4> be the strength of the shell, V the potential due to 
the field at any point on its surface, and n the normal at any 
point measured in the positive direction of magnetization. Then 
the potential of an elementary area dS of the shell is 

^dS-T-' 
dn 

Now if N is the normal magnetic intensity at ^.S" due to the 

dn 
Thus the potential of the shell in the field is 

NdS. 



-*//- 



This is the product of the strength and the number of lines of 
force due to the field passing through the contour of the shell in 
the negative direction. 

This shows that the action of the field on the shell depends 
only on the form aiid position of the edge of the shell. 



CHAPTER II. 

Magnetic Induction. 

« 

1. Def. : THE MAGNETIC INDUCTION at any point of 
a magnetized body is the magnetic intensity that would 
exist at that point, if an indefinitely thin sheet of the 
substance containing the point and everywhere at right 
angles to the direction of magnetization were removed. 

Suppose the intensity of magnetization at the point to be /, 
having the components A^ B^ C; and the components of the 
magnetic intensity at the point due to the given distribution to 
be a, fi, y. Let the components of the Magnetic Induction 
be a, bf c. 

When the indefinitely thin sheet is removed with its in- 
finitesimal quantity of magnetism, it will leave on the two 
surfaces of the magnetized body on the two sides of the given 
point surface-distributions given by the formula 

<T ^= lA+mB-\-nC, 

These will in this case be / and —/on the two sides of the 
given point. And these will produce a magnetic intensity 477/ 
at the point, normal to the sheet, or in the direction of 
magnetization. This must be compounded with the original 
intensity at the given point due to the given distribution, the 
components of which are a, /3, y. 

We may suppose that before the removal of the sheet the 
two distributions / and — / were coincident, and thus cancelling 
each other, but now, after the removal of the sheet, we have 
them on opposite sides of the point, producing at the point the 
intensity 4 7r/, everything else remaining practically the same. 
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Thus we have for the components of magnetic induction 

a = a + 4'7r-4, 

r = y4-47rC 

At a point where there is no magnetized substance, the induc- 
tion is the same as the intensity. 

2. Def. : A line drawn so that its direotion at every point 
coincides with the direction of the magnetic induction is 
called a IiINE OF MAGNETIC INDUCTION. 

Def. : A tube having its sides all formed of lines of mag- 
netic induction is called a TITBE OF MAGNETIC INDUC- 
TION. 

Where there is no magnetized substance, these lines and 
tubes coincide with the lines and tubes of force, which are pro- 
duced by the distribution whose components of intensity are 

a, A y. 

3. The stirflBU^e-integral of normal magnetic induction over 
any closed surfleice is zero. 

Let aS* be a closed surface drawn in a magnetic field ; /, w, n 
the direction-cosines of the normal, measured outwards, of an 
element dS of the surface, <2, ^, c the components of magnetic 
induction at dS, Then we have to show that 



//< 



(/« + w3+ «^) dS = o. 
J J 
That is, 

jj{ia + mfi-{-ny)dS-\-4Trjj(lA'\'mB'{-nC)dS:=o. 

Now let M be the entire quantity of magnetism contained 
within the surface S. Then, just as in the case of the corre- 
sponding proposition in electrostatics, we have 



// 



{ia+mP + ny)dS= 4ttM. 



To find the value of the other term, let us suppose all the 
magnetic substance inside jS isolated from that outside by re- 
moving an indefinitely thin sheet of the magnetic substance 
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coinciding with S wherever S intersects any magnetic substance. 
Then we have magnetized bodies inside .S isolated from all 
others, so that the entire quantity of magnetism inside .9 is zero. 
That is, the surface-distribution produced by removing the 
sheets is — M. 

But the surface-density on the magnetic substance just inside 
dS which we have produced by removing the sheets is 

lA + mB'\-nC. 
Thus we have 



//< 



{lA + mB^nC)dS = - ilf. 
Thus the surface-integral 

(Ja-\- md + nc) dS = ivM— 47rM= o. 



//< 



4. It follows that if we have any closed curve, the surface- 
integral of normal-induction over any surface having this as its 
contour is constant, and may be called the quantity of magnetic 
induction through the curve. It is represented by the number of 
lines of magnetic induction passing through the curve. 

Also the quantity of magnetic induction across any section of 
a tube of induction is constant throughout the length of the tube. 
For the quantity of induction across the sides is zero. 

5. INDirOED MAGNBTIZATIOIT. It is found that if a 
piece of iron or steel be placed in a magnetic field it becomes 
magnetized. Other bodies exhibit the same property too, but 
to a very much smaller extent than iron or steel. The 
magnetization which a body possesses under these circum- 
stances is said to be induced \ and the body is said to be 
magnetized by induction. 

When a piece of iron or steel is magnetized by induction and 
then removed from the field it is foimd to lose more or less of 
its magnetization. This portion is called temporary magnetiza- 
tion, and that which is retained is called permanent magnetiza- 
tion. The magnetization induced iix soft iron or steel, especially 
soft iron, can be very great, but very little of it is retained after 
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the body is removed from the magnetizing field. On the other 
hand, cast-iron and well-tempered steel are not readily magnetized, 
but when magnetized retain their magnetization for a long time. 
And as a rule the softer a specimen of steel or iron is the better 
magnet can it be made while under the influence of the 
magnetizing field, but the less magnetization does it retain when 
removed from the field. 

The best material to make permanent magnets of is the 
hardest and best tempered steel. 

6. If a homogeneous, isotropic substance is placed in a 
magnetic field, it becomes magnetized at every point in the 
direction of the magnetic intensity at that point, and with an 
intensity of magnetization proportional to the magnetic in- 
tensity. 

When the positive direction of the induced magnetization is 
the same as that of the magnetic intensity, the substance is 
called Magnetic or Paramagnetic \ when it is opposite, the 
substance is called Diamagnetic, 

Soft iron is the best example of a magnetic substance, and 
bismuth of a diamagnetic substance. 

Thus the magnetization at any point is found by multiplying 
the magnetic intensity by a constant k depending on the 
substance, which is positive for magnetic and negative for 
diamagnetic substances. 

Thus if -ff' is the magnetic intensity at any point of a 
substance, the induced magnetization is kH, and the magnetic 
induction \% (1 •{• 41: k) H, This may also be denoted by jutZT, 
where /ut = i + 4'7rK. 

Def. : THE OOEFFIOIEITT OP USTDUOBD MAQMTETIZA- 
TION of a substajice is the ratio of its magnetiiBation to the 
magnetic intensity. 

This is the quantity k. It is also called the SUSOBPTI- 
BiiiiTT of the substance. 

Def.: the magnetic iwdttotive oapaoitt of a 
substance is the ratio of the induction to the magnetic 
intensity. 

G 
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This is the quantity fx. It is also called the PEBMBABlIiiTY 
of the substance. 

7. If a piece of iron or steel is placed in a magnetic field 
whose intensity is continually increased the induced magnetiza- 
tion of the substance will not be constantly proportional to the 
intensity of the field. Thus the susceptibility is not constant. 
A state of the magnetic substance is gradually reached in which 
an increase of the intensity of the field hardly increases the 
magnetization of the substance. This is called the state of 
saturation of the substance. 

8. Hyateresis. In addition to this the induced magnetization 
of a piece of iron or steel will not depend merely on the 
magnetic intensity of the field in which it is, provided that 
intensity is small ; but will also depend on the manner in which 
the magnetic substance has been previously treated, that is on 
its past history. Suppose the intensity is gradually increased, 
the magnetization increasing in consequence. Let H and / be 
corresponding values. After the intensity has considerably 
passed the value H let it be gradually lowered again. The 
magnetic substance tends to retain its magnetization, and when 
the intensity is again passing through the value H, the mag- 
netization will be greater than /. Thus for a moderate value of 
the intensity the magnetization can have, on account of the 
retentiveness of the substance for magnetism, any value whatever 
within certain limits depending on the past history of the 
substance. If the intensity is made large, either positive or 
negative, the corresponding magnetization will have a definite 
value. This phenomenon is called magnetic hysteresis, 

9. The behaviour of a given substance, magnetic or dia- 
magnetic, when brought into a magnetic field may be explained 
by reference to the sign of the coeflScient k. 

If we bring a bar of unmagnetized iron into a magnetic field 
it will become magnetized in the positive direction of the lines 
of force of the field. And since the positive magnetism in the 
iron is urged along the lines of force of the field in the positive 
direction, and the negative in the opposite direction, the bar will 



Chap. II.] Magnetic Induction, 83 

set itself, if freely suspended, along the lines of force of the 
field. 

On the other hand, if we bring a bar of bismuth into a 
magnetic field, it will become magnetized in the negative 
direction of the lines of force of the field. Thus whenever it is 
inclined to the lines of force of the field at any angle less than a 
right angle there will be a tendency to drive it still further away 
from these lines ; and, if freely suspended, it will set itself across 
the lines of force of the field. 



G 2 



CHAPTER III. 
Earth's Magnetism. 

1. We have already seen that a magnet at any place on the 
earth's surface tends to set itself with its magnetic axis in a cer- 
tain definite direction. Thus the magnet is in a magnetic field. 
And one would find a magnetic field all over the surface of the 
earth with its intensity and direction varying continuously from 
point to point. 

2. A magnet suspended so that its position of equilibrium 
may be horizontal will in most latitudes rest with its magnetic 
axis pointing about north and south. The vertical plane which 
contains the magnetic axis of such a magnet when at rest is 
called the magmtbtio meridian at the given locality. 

The field due to the earth in a given locality is completely 
known if we know what are called the EartKs Magnetic Ele- 
ments for the given locality. These are : 

(i) The DECLINATIOH" : that is the angle between the 
magnetic and geographic meridians, or the angle between the 
magnetic axis of a freely suspended needle and the line drawn 
due north and south, the magnetic axis being supposed to be in 
a horizontal plane. 

(2) The INCIiINATION or DIP : that is the angle which 
the lines of force due to the field make with the horizontal 
plane, or the angle which the magnetic axis of a needle turning 
on a horizontal axis set at right angles to the magnetic meridian, 
and passing through its centre of gravity, so that its magnetic 
axis may move in the magnetic meridian, makes with the 
horizontal plane. 
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{3) The IITTBWSITY : that is the force in dynes with which 
a unit magnetic pole in the given locality would be acted upon. 

3. These elements not only vary from point to point of the 
earth's surface; but in the same place are subject to small 
periodical variations called the Magnetic Variations, 

It is usual to find, at a given place, the declination, the in-' 
clination, and the horizontal component of the intensity. From 
these the total intensity can be determined. 

The horizontal component of the intensity of the field due to 
the earth, in any given locality, is denoted by the letter H, 

4. In any given place the value of ZTmay be determined by a 
method due to Gauss. The following is a sketch of this method. 

Suppose we have a bar magnet, whose moment of inertia A 
about some straight line through its centre of gravity and 
perpendicular to its magnetic axis is known* Let M be the 
magnetic moment of the magnet, supposed to be unknown. 
We have to perform two sets of experiments, which we may 
call the vibration experiments and the deflexion experiments, for 
finding, respectively, the values of MH and M/H, 

(i) The vibration experiments. 

Let us suspend the magnet by a torsionless fibre so that its 
axis is horizontal, and set it to make small oscillations, under 
the action of the earth's magnetic field, about the axis about which 
the moment of inertia is -4, this axis being vertical. 

When the magnet is deflected by an angle 6 from its position 
of equilibrium the moment of the force tending to restore equi- 
librium is MHsin $* So that for oscillations of very small am- 
plitude the equation of motion of the magnet is 

dt' 

Let us observe the time T of a complete vibration. Then 
we have 



A%^^+Mffe = o. 



r=27rV ^ 



Mff= 



MH' 

4Tr^A 
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(2) The deflexion experiments. 

Let us take a small magnetic needle, freely suspended, so as 
to swing horizontally and to be at rest with its axis in the mag- 
netic meridian. Set the magnet so that its axis is perpendicular 
to the magnetic meridian, and when produced in the positive 
direction it passes through the centre of the needle ; the centre 
of the magnet being at a distance r from that of the needle, r 
being great compared with the dimensions of the magnet This 
will deflect the needle from its position of equilibrium. Let the 
observed deflexion be a. 

Now the potential due to the magnet at the needle is JZ/r*. 
Thus the intensity of the field due to the magnet, at the needle, 
which field is at right angles to the magnetic meridian, is 2M/t^. 
Therefore the deflecting couple acting on the needle, m being 
the magnetic moment of the needle, is 

2M 

— r-OTCosa. 

r* 

And the couple with which the earth's field acts on the needle, 
to turn its axis back to the meridian, is 

Hmfona. 
These two couples are equal. And thus we get 

M r» 

-77 = — tan a . 
H 2 

From these two results we can calculate the value of ff, 
Mtoo can be determined if required. 

To obtain the deflexion a it is best to place the magnet on 
both sides of the needle, with its axis pointing towards the 
needle in the same way in both cases, and to take the mean 
value of the deflexions thus observed for a, 

6. To get as accurate a value for If as possible by means 
of this method it is necessary to make a large number of 
corrections. 

One important correction is that which has to be made on 
account of the dimensions of the magnet not being so small 
that we can neglect them in comparison with r. Let us sup- 
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pose our magnet to be magnetized in any irregular manner. 
The intensity of the field it produces at a distance r from its 
centre measured along its magnetic axis is some function of r, 
depending on the magnetization of the magnet. This function 
must ultimately become, when r is made very large, equal to 
2 M/r^. 

Thus we may suppose the intensity to be 

2M A^ A^ A^ 

where A^, A^, A^^ &c., are constants depending on the magnet. 
Thus we have 

AAA 
^r*tana, = 2iJ/ + — + -1^ + -r+-> 

where Oj is the observed deflexion. 

Now let us turn the magnet end for end, keeping its centre in 
the same position, and let a^ be the observed deflexion of the 
needle made in the opposite direction to Oj. r has now changed 
sign. 

Thus we have 

A A A 
Hr^X2Xia^=> zM ^ + -^ r +•••• 

From these two we get 

JZrr'(tanai + tana2) = 2-^+ -^ + .... 

If we only retain the coefiScient A^^ by making another set of 
observations with a diflferent value of r, we may eliminate A^^ 
and find the value of M/H, 

In this way a fairly accurate value can be found for H without 
making any further corrections. 

If the magnet used is a uniform cylinder, of mass \k grammes, 
length / cms., and diameter d cms., its moment of inertia is 

V12 16^ 
6. Astatic Combinations. A combination of magnets rigidly 
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attached to each other, and such that when freely suspended in 
a uniform magnetic field it does not tend to set in any definite 
direction, is called an astatic combination. 

To make an astatic combination of two magnets, each being 
set on at right angles to a common axis, it is obvious that the 
moments of the magnets should be equal, and their axes parallel 
and turned in opposite directions. 

Suppose we have a nearly astatic combination, the moments 
of the magnets being nearly equal, being M and M+ bM, and 
their axes making a small angle a with each other. To determine 
how the combinations will set. 

When suspended under the action of the earth's field so that 
the axis of the magnet M makes an angle with the magnetic 
meridian, the moment of the forces tending to set the combina- 
tion in the meridian is 

= B[Msme-(M-^dM) (sin^+a . cos (9)] 
= - ^ [a JIf cos e + bMsin 6], 

retaining only small quantities of the first order. 

Thus when the compound magnet is in equilibrium, 

aM 



tan(9= — 



bM 



We may notice two particular cases. 

(i) If the moments of the magnets are exactly equal, but their 
axes are not parallel, bMzzz o, and the combination will set 
itself across the meridian. 

(2) K the axes are exacdy parallel, but the moments are not 
equal, a = o, and the combination will set itself in the 
meridian. 



PART III. 



-M- 



CHAPTER I. 
The Electric Current. 

1. If we have two points A and B at diflferent potentials, A 
being at the higher potential, and connect them by a conducting 
wire, electricity will flow from A to B. If we suppose A and B 
to be points on two insulated conductors charged to diflferent po- 
tentials, when they are connected by a wire, the electricity on 
the conductors will soon redistribute itself bringing them to the 
same potential, and the duration of the flow along the wire will 
be very short indeed. But if by any means we can keep ^ at a 
higher potential than By then there will be a permanent flow or 
current of electricity from A to B. And the quantity of elec- 
tricity that passes from -4 to .^ per second will depend on the 
diflference of potentials between A and B^ and the nature of the 
conductor with which we connect A and B, 

One of the most convenient ways of obtaining a steady 
current of electricity is by means of a Voltaic Battery. This- is 
an arrangement in which the energy produced in chemical com- 
binations is used to furnish the work necessary for driving the 
current. 

2. One of the best-known forms of battery, and one of the 
best suited for producing a steady current, is Darnell's. This 
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may be made in the following way. A porous vessel containing 
a saturated solution of copper sulphate is put into another vessel 
containing a saturated solution of zinc sulphate. Into these two 
solutions are dipped plates of copper and zinc, respectively, 
having copper wires soldered to their upper ends which project 
out of the liquids. If these wires be joined across by a con- 
ductor, a flow of electricity will take place through it from the 
copper plate to the zinc plate of the battery. At the same time 
the chemical energy of the battery will be used up. The zinc 
will be dissolved in the sulphate of zinc ; the quantity of sulphate 
of zinc will increase, and the quantity of sulphate of copper will 
diminish ; and copper will be deposited on the copper plate. 
We shall see later on that the amount of each of these actions is 
exactly proportional to the quantity of electricity that has passed. 
This arrangement is called a DanielFs cell. A battery may 
be made of several cells by joining the zinc of the first to the 
copper of the second and so on. Then the wire joined to the 
copper of the first cell is called the positive pole of the battery, 
and that joined to the zinc of the last cell is called the negative 
pole. On joining the poles by a conductor a current always 
flows from the positive to the negative pole outside the battery. 

3. Def. : THS SXiSOTBOMOTlVE FOBCE of a battery is 
the excess of electrical potential of its positive pole over that 
of its neg^ative pole when no current is flowing through the 
battery. 

This quantity is usually denoted by the sjrmbol E. M. F. 
The E. M. F. of a Daniell's cell is much more constant than 
that of most cells. In most other cells the E. M. F. falls off 
considerably when they are used. 

The difference of potential, sometimes called the P. D., between 
two points is also called the electromotive force, or E. M. F. 
between them. 

4. The measure af an electric ciurent or the strength of the 
current is the number of units of electricity passing per second 
in the current. But it is found convenient to adopt a different 
unit of electricity in the case of current electricity from that 
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which is adopted in electrostatics. We shall now consider a 
convenient unit of electric current. 

We must first refer to the chemical actions of the current* 
If an electric current is passed through a chemical compound 
it produces decomposition. This action is called Electrolysis. 
If, for instance, a current is passed through water, with which a 
littie sulphuric acid has been mixed to make it conduct well, the 
current being led into the water by a platinum plate and out by 
another (these plates being called the electrodes), the water will 
be decomposed into hydrogen and oxygen. We shall later on 
speak more fully of the laws of Electrolysis and the evidence on 
which they rest ; but one important result proved by Faraday is 
that the amount of any chemical decomposition produced by 
Electrolysis is exactly proportional to the quantity of electricity 
that has passed, and is independent of the quantity per second 
that has passed, or any other circumstances. 

The proof of this did not depend on measures of the currents 
made by any other process. Faraday passed the same current 
through several electrolytic cells all in a series, so as to be sure 
that the same quantity of -electricity had passed through each : 
the electrodes were made of various sizes, so as to vary the 
current density. The same amount of electrolytic decomposi- 
tion was found to have taken place in each cell. In another 
experiment the current after passing through a cell A was made 
to divide itself between two cells B and C. The amount of de- 
composition in B and C together was found to be exactly equal 
to that in A, 

Thus if we have a steady current flowing and we can make it 
pass through a chemical compound and decompose it, and we 
can measure the amount of decomposition produced per second, 
we may take this as a measure of the current. Suppose, for 
instance, we decompose water and measure the quantity of 
hydrogen liberated per second. This is proportional to the 
strength of the current. 

6. But it is by means of another eflfect produced by the electric 
current that the measure of its strength is determined. Orsted- 
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discovered in 1820 that an electric current flowing in a straight 
wire when brought near to a magnetic needle tends to set the 
needle at right angles to the current. In fact any electric circuit 
carrying a current produces a certain magnetic field. And it 
has been proved by experiment that the intensity of this field is 
at every point exactly proportional to the strength of the current 
as measiu*ed by Electrolysis. The strength of a current is then 
measured by the magnetic intensity which a certain conductor 
carrying that current produces at a certain point. 

6. The way in which a straight conductor carrying a current 
tends to deflect a magnetic needle is given by the following rule 
of Ampfere's : — 

If we suppose a man to swim with the current in the con- 
ductor, and to turn so as to look at the magnetic needle, the 
conductor tends to deflect the N. pole of the needle to his left 
hand. 

An instrument for detecting electric current may be made by 
winding several turns of wire insulated from each other in a 
coil, and suspending a magnetic needle inside the coil. Then 
if a current is sent through the wire of the coil it follows from 
Ampere's rule that each portion of the wire tends to deflect the 
needle in the same way. By multiplying the number of turns in 
the coil the instrument may be made more sensitive. 

An instrument for detecting or measuring electric currents is 
called a Galvanometer. 

7. Before we can define the unit of current we must consider 
more closely the magnetic actions of electric circuits. 

The precise action between a magnetic system and any por- 
tion of an electric circuit canying a current, may be deduced 
from experiments of Ampere's and Weber's, which have shown 
that the magnetic action of a small plane circuit at distances 
from it which are great compared with its dimensions, is the 
same as that of a small magnet whose axis is normal to the 
plane of the circuit, and whose moment is proportional to the 
product of the area of the circuit and the current which it 
carries. As the unit of current has not yet been defined, we 
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may take the moment of the equivalent magnet to be equal to 
the product of the area of the circuit and the current which 
it carries. We shall see later on what precise definition of unit 
current this leads us to. 

The direction of the current in the circuit and the positive 
direction of the axis of the equivalent magnet are connected by 
the following important rule : — 

A right-handed screw placed along the axis of the magnet 
and turned in the direction of the current will move in the 
positive direction of the axis of the magnet. 

This we may call the right-handed screw law. 

8. We may now prove that the magnetic action of any circuit 
carrying a current is the same as that of a simple magnetic shell 
whose contour coincides with the circuit, whose strength is 
equal to the current in the circuit, and whose direction of 
magnetization is connected with the direction of the current 
according to the right-handed screw law. 

Let us consider the magnetic action of the circuit at a point 
P. Draw any surface S having the circuit for its contour, and 
not passing through P, Draw two series of lines on S to cut it 
up into elementary surfaces each one of which is small compared 
with its distance from P, and the radii of curvature of .S" at it. 
Let i be the current in the given circuit We may suppose a 
current i to pass round each one of the elementary circuits into 
which aS" is divided, for the two currents passing along the 
common edge of any two adjacent elements are in opposite 
directions and neutralize each other, so that the elementary 
circuits each carrying the current / are equivalent to the given 
circuit carrying the current 1'. 

Now suppose a magnetic shell of uniform strength {' coinciding 
with S. The magnetic moment of an elementary portion dS 
is idS. Thus, by the experiments referred to, this produces 
the same magnetic effect at P as the elementary circuit dS 
carrying the current 1*. So that the entire shell is equivalent 
with regard to its magnetic action to all the elementary circuits, 
and therefore to the given circuit carrying the current u 
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9. We see that a given closed electric drciiit produces the 
same magnetic action at all points as any simple magnetic 
shell having its contour coinciding with the circuit, and of 
strengdi equal to the current in the circuit. This may be called 
an equivalent magnetic shell of the given circuit. 

We shall call the positive direction of magnetization of the 
equivalent shell of a given circuit, as given by the right-handed 
screw law, the positive direction through the given circuit 

10. We can now find the potential of a circuit in a magnetic 
field. 

First suppose we can replace the circuit by an equivalent 
magnetic shell. Then the required potential is the same as 
that of the shell; that is, it is the product of the strength of 
the current and die quantity of induction passing through it in 
the negative direction. 

Next suppose that no surface can be drawn having the cu'cuit 
for contour without cutting across some substance in the field. 
Draw such a surface cutting the substances it meets with every- 
where at right angles to the lines of force ; and remove from 
these surfaces indefinitely thin sheets coinciding with the surface 
drawn. When this is done the intensity at any point of the 
surface we have drawn is equal to the induction of the given 
field at that point. We can now place a magnetic shell in the 
field coinciding with this surface and equivalent to the given 
circuit : and the potential required is the potential of this shell. 
Thus the potential of the circuit is the product of the strength 
of the current and the quantity of induction passing through 
it in the negative direction. 

This may also be measured by the product of the strength of 
the current and the number of lines of induction passing through 
the circuit in the negative direction. 

Thus the work done on the circuit by the field during any 
change of position, the current remaining constant, is the 
product of the strength of the current and the increase in 
the magnetic induction through the circuit in the positive 
direction. 
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11. We can now find the mechanical action, or Electro- 
magnetic Farce, acting on an element of a circuit, canying a 
current /*, in a given magnetic field. 

Consider a small element ds of a circuit carrying a current i. 
Let the magnetic induction at ds be 
H: and let its direction make an 
angle with ds. Now suppose ds 
capable of sliding parallel to itself so 
that its ends move on two parallel 
metallic rods AB, CD. As ds slides 
in this way the field does work on it 
measured by the product of / and the 
quantity of induction taken in by ds 

in the positive direction. This is a positive quantity, as appears 
fi*om the right-handed screw law, when an observer turning so 
as to look successively in the directions of the current, the 
induction, and the motion of ds, looks round in the clock-wise 
direction. For a given amount of displacement of ds the 
maximum quantity of work will be done if ds moves so as to 
include the maximum quantity of magnetic induction. This 
will be when the motion of ds is at right angles to itself and 
to the lines of force. Therefore this is the direction of the 
Electromagnetic force acting on ds. Now if ds moves in this 
direction through a very small distance /r, the work done by 
the electromagnetic force Fis i ,H ,nds sin d. 

Thus Fn = / . H, n ds sin B, 

,', F=tllds sm0. 
And the direction of F is at right angles to ds and to the 
magnetic induction at ds, 

12. Suppose we have a single magnetic pole m acting on ds. 

Let r be the distance of m from ds, and 6 the angle between 

r and ds. The induction at ds is m/r*. So that the force 

on ^ is 

m ids sin $ 



F=: 



H 



And therefore the force with which ds acts on m is a force 
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equal to this and in the opposite direction or —F, That is, the 

magnetic intensity due to ds at the pole m, or the force on unit 

pole, is 

tdsmiO 

—^ — 

The forces F and --jF with which m acts on ds, and ds 
acts on m, respectively, are not directed along the same straight 
line. Let us consider in what sense we may say that —Fis the 
force with which ds acts on m. 

We may suppose m to be the only magnetism in the field, 
by supposing it to be a pole of an infinitely long uniformly 
magnetized magnet, the other pole — ot being at an infinite 
distance away. Then we have shown that F is the force with 
which m acts on ds. But it must be remembered that ds alone 
does not act on m, every portion of the closed circuit acts on m. 
If we consider the action of m on the entire closed circuit, 
and the reaction of the circuit on m, these would be two equal 
and opposite forces along the same straight line. Now the 
action on the circuit would be obtained by compounding all 
such forces as F, Therefore the reaction on m would be 
obtained by compounding all such forces as — -F. In this 
sense we may say that the reaction of ds on m is —F; for 
if we compound all such forces as —F, supposed to be due 
to each element of the circuit, we get the true reaction on m. 

In the same way we may say that the magnetic intensity at m 

due to ds is 

ids sin 

— p — 

For by compounding all such intensities due to each element 
of the circuit we get the true intensity at /«. 

18. That the action and reaction of m and the circuit are 
equal and opposite and along the same straight line follows 
from the fact that two indefinitely small quantities of magnetism 
g and ^ act on each other with forces, both equal to g//r^9 in 
opposite directions, and along the straight line joining them. 
Now the circuit is equivalent to a certain magnetic system : thus 
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when we consider the circuit and the pole m together the forces 
arising from their mutual actions just cancel each other. 

The same thing may be proved experimentally by showing 
that a system composed of a circuit and a magnet rigidly 
connected does not tend to displace itself; that is, there is no 
resulting force or couple arising from the mutual actions of 
its parts. 

14. Suppose we have a wire of length / bent into a circular 
form of radius r and carrying a current u Let there be a pole 
of strength m at the centre of the circle. We may suppose each 
element of length ds of the circular circuit to act on the pole m 
with a force urging it along the axis of the circle in the direction 
given by the right-handed screw law and equal to 

mids 

Thus the entire force on m is, in dynes, 

mil 

From this we see that if the current is of unit strength, the 
pole of unit strength, the radius of the circle one centimetre, and 
the length of arc one centimetre, the force with which the pole 
will be acted on will be one dyne. Thus we can give the fol- 
lowing definition of unit of current. 

Def. : THE UNIT OF CUBBENT is the current which, 
flowing in a conductor in the form of a circular arc one 
centimetre long, and having a radius of a centimetre, acts 
with a force of one dyne on a unit magnetic pole placed at 
the centre of the circle. 

It should be noticed that the direction of the force with which 
a magnet pole is acted on, due to an electric circuit, as given 
by the right-handed screw law, coincides with that given by 
Ampere's rule. 

15. A Tangent Galvanometer is an instrument for measuring 
directly the strength of an electric current. It consists of a 
number of turns of wire wound in a circle, with a short magnet 

H 
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suspended at the centre ; the plane of the coil being set in the 
magnetic meridian. 

Suppose we have n turns of wire wound in a circle of radius 
a, the current being brought up to the coil and taken away from 
it by two wires wound closely together, so that the effects of the 
currents in these two on the needle neutralize each other. Let 
this coil be set in the plane of the magnetic meridian ; and let 
a short needle of moment M be suspended or pivoted at the 
centre of the coil. Let the horizontal component of the earth's 
magnetic intensity be H. 

Suppose that on passing a current / through the instrument 
the needle is deflected from its position of equilibrium, and there- 
fore from the plane of the coil, by an angle 0. 

Now the length of wire in which the current is flowing is 
2'nna. Thus the intensity at the centre due to the current is 

2vnai 2'nni 



Therefore the moment of the couple with which the field due 
to the current / acts on the needle is 

2'ttntMco^O 



This must be just equal to the moment of the couple with 
which the earth's field acts on the needle. And this is 

Thus 1 = .ZT.tan^. 

16. In general, a galvanometer is made of a number of 
turns of wire forming a coil, and having a space left inside the 
coil unoccupied by wire, in which a short magnetic needle is 
suspended. The passage of a current through the coil is shown 
by producing a magnetic field which causes the needle to be 
deflected. 

A great many galvanometers are used, not for finding the 
absolute measure of a current, but for detecting the presence of. 
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a currqht ; or sometimes for comparing the relative strengths of 
two currents, so that we do not require to know the dimensions 
and number of turns in the coil. 

Suppose a galvanometer has a very short needle, which is so 
situated with respect to the coils when in its position of equili- 
brirnn, that we may suppose the magnetic field due to a current 
in the coils is, in the neighbourhood of the needle, uniform and 
at right angles to the needle. This field is also proportional to 
the current i\ so that we may denote it by G u G is called the 
galvanometer constant. 

If this current deflects the needle through an angle against 
the action of the earth's field H^ we have, if M is the magnetic 
moment of the needle, 

G t'Mcos e = JIM sin 0, 

/. «* = 7=; tan 0. 

The constant for a tangent galvanometer is 2 tt n/a. 
The multiplier H/G is called the reduction /actor for the 
galvanometer, and is, of course, not constant, depending on the 
value of the horizontal component of the earth's magnetic 
intensity. 



H 2 






CHAPTER n. 

Steady Flow in Conductors. 

1. Ohm's Iaw. K we take a conducting wire AB and 
maintain its two ends at different potentials so as to get a steady 
electric current flowing along the conductor, the magnitude of 
this current will depend on the potentials of the ends of the con- 
ductor, and on its size, shape, and material. The exact law 
on which the current depends was investigated experimentally 
by Dr. Ohm, and may be given as follows. 

If a steady current pass through a given oonductor kept 
at a constant tetiiperature the potential'-difference of the 
terminals of the conductor is proportional to the current 
passing. 

Thus if jE denotes the E. M. F. between the terminals of a 
conductor kept at a fixed temperature, and G the steady current 
which passes when the E. M. F. E is maintained, we have the 
relation 

^ = C X a constant quantity for the given conductor at the 
given temperature. 

This constant quantity is called the electrical resistance (or 
resistance simply) of the conductor at the given temperature. 

We may define the resistance of a conductor at a given 
temperature as follows. 

Def. : THE BESISTANCE of a conductor is the constant 
quotient obtained by dividing the E. M. F. between its termi- 
nals by the value of the steady current flowing through the 
conductor with that £. M. F. 

In fiiture when the resistance of a conductor is spoken of it 
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will be supposed that the conductor is kept at some fixed tem- 
perature unless the contrary is specified. And it will be supposed 
that the current passing in a conductor is steady unless the con- 
trary is specified. 

2. In considering conductors which have very small croSs- 
section as compared with their length, such as conducting wires, 
the two ends of the conductor, which may be regarded as points, 
are supposed to be kept at a certain difference of potential. 
And these two points at which the current enters and leaves are 
called the electrodes of the conductor. But in some cases the 
electrodes of a conductor have to be considered as surfaces of 
finite extent, as when we speak of the resistance of a cylinder of 
section which is not small as compared with its length. Then 
the two ends of the cylinder must be taken as the electrodes, 
and we must suppose, in considering what its resistance is, 
that the whole surface of one end is kept at the same potential, 
and the whole surface of the other end at some other potential, 
the same throughout. 

The electrical resistance of a given conductor will of course 
depend upon what points or surfaces we agree to consider as its 
electrodes. But in the case of a wire or cylinder, these are 
always taken to be the ends as explained* 

3. Combined resistance of a number of conductors. 

If we have a number of conductors joined together in any 
way, and their combined resistance is spoken of, it is supposed 
that two electrodes A and B in the combination are fixed upon 
by which the current is to enter and leave, and the combined 
resistance means the resistance of a single conductor having its 
electrodes at A and B^ which would allow the same current to 
pass for the same E, M, F, from A \.o B\ that is, it is the 
quantity by which we must multiply the entire current passing 
through the combination from A to B^ to obtain the E, M, F. 
from A to B, 

We shall consider two cases of combinations of conductors. 

( I ) Suppose a number of conductors joined together * in series,' 
that is, end to end in a continuous row. Let ^"1, r^, rg,...r^ be 



loa Steady Flow in Conductors. [Part hi. 

the resistances of the conductors, and R the resistance of the 
combination. 

Let AB, BC, CD, . . ,FZ denote the ^ ^ C D F Z 
conductors. We require to find the ^^ ^^ ^^ ''« 

resistance R from A to Z. 

The same current must pass through each conductor. Denote 
it by C, And let Va, Vsi-Vz denote the potentials at 

Then Va-Vb—Cv^, 

VB-Vc^Cr^, 



Vy--Vz=Cr,; 

Thus F^-Fz= C(ri+r2+...+r„). 

But Va-V =: CR. 

Therefore i? = r^+rg + ... +r^ = 2 r. 

(2) Suppose a number of conductors joined together ' in 
parallel/ that is, with all their ends connected to the same two 
points A and B. 

Let Tj, Tj, r3,...r„ be the resistances of the conductors, and 
R the resistance of the combination. 

Let Ci, C2, C^, ..C„ be the currents ^j^ 

flowing through the conductors, and C 

the entire current through the combina- A^ IL- ^B 

tion. 

Let Va, Vb denote the potentials at A and B, 

Then Va— Vb= C^r^= C^r^= C^r^ = ... = C„r„. 

Therefore 






f 


^1 r^ r„ 


But 




Va-Vb^CR. 


Therefore 








I 
R 


II. I « I 
= -+-+...+- = 2-. 

^1 /-J r„ r 
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4. As particular cases we have the following. 

If there are n conductors each with resistance r arranged in 
series, their combined resistance is rn. 

If they are arranged in parallel their combined resistance is 
r/«. 

It follows from this that if we take a conductor of given 
material and of uniform cross-section, and vary its length in 
any manner, its resistance is directly proportional to its length. 
And if we vary its cross-section in any manner its resistance is 
inversely proportional to its cross-section. 

Thus if we have a conductor of a given material, of uniform 
cross-section j, and of length /, its resistance expressed in terms 
of any given unit of resistance is given by the formula kl/s, 
where ^ is a quantity depending only on the material and 
physical state of the conductor, and the unit of resistance used. 
k is called the specific resistance of the material, and may be 
exactly defined as follows. 

Def. : THE SPECIFIC BESISTANCE of a given material 
is the resistance of a portion of it of unit cross-section and 
unit length. 

5. We have seen that if we have a wire AB,2l current will 
flow along it or not according as its ends A and B are kept at 
different or the same potentials. Now let the wire be cut across 
and a battery of E. M. F. E joined up to its parts, so that its 
positive pole is joined to the part of the wire towards B, and its 
negative pole to the part of the wire towards A. Then if the 
parts of the wire are insulated so that no current flows through 
either part of it or the battery, A and B are at the potentials of 
the poles of the battery, that is, B is at potential E above that 
of ^. And this is the sufficient condition for no current to pass 
in the wire which now includes a battery of E. M, F. JE, 

Let us denote the potentials of A and B by the letters 
Va> Vb* Then we have seen that the condition for no current 
is 

Vb-Va^E. 

Now if the value of Vb^Va be made greater or less than E, 
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a current will flow through the wire and battery from -5 to ^, or 
from A to B. Thus we may look upon -fi*— (F^— K^) or 
Va—Vb-\-E^ the effective E. M. F. from A to B, And if C 
is the current passing, and R the resistance of the wire, and we 
consider the battery to have an electrical resistance r of the 
same nature as the resistance of a wire, we get the equation 

VA-VB^E^Ci.R^r). 

I^xperiment shows that the results obtained from using this 
equation are consistent, so that we may always suppose a battery 
in a given condition to have a definite electrical resistance, just 
as any other part of a circuit has. 

6. Simple Circuit with. Battery. 

Suppose the two ends A and B of the conducting wire are 
joined together, so that F^ = F^. Then we have a battery 
with its two poles connected by means of a conducting virire. 
Let C denote the current flowing through the battery and 
wire, from the positive to the negative pole outside the battery ; 
R and r being the wire and battery resistances. Thus we have 
the equation 

Or C = -^- 

7. Kirchhoffs Iiaws. Suppose we have a net- work of linear 
conductors, that is, a system of linear conductors joined up 
together in any given manner, with given resistances, and in- 
cluding given E. M. F.s. And suppose the currents in the con- 
ductors to have attained their stationary values. 

(i) Let us consider all the conductors which meet at one 
point of junction, and let the values of the currents flowing in 
the conductors towards that point be Cj, Cj, C^f,,,C„. Then 
since the quantity of electricity that flows up to the point per 
second is just equal to the quantity that flows away, we have 

Or 2(C) = o.... (A) 
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(2) Let us consider any complete circuit ABC ,,,KLA 
formed by some of the conductors of the system, 

AB,BC,.,,KL, LA, 

Let the resistances of these conductors be i?i, i?2,...7?«. Let 
them include E. M. F.s E^y E^,,.,E^ ; and let there be currents 
flowing in them C^, C^y,,.C„; the E. ]Vt. F.s and currents being 
both measured in the direction ABC.ELA. 

Let the potentials of the points A,Bj C,..,Il,L be denoted 
by the letters Va, Vb, Fc,... Vjc, Vz. Then we have the equa- 
tions 

Va-Vb+E,= C^R,, 

Vb-Vc+E^^zC^R^, 



Vl-Va^-E^^C^R^. 
Adding these we obtain 

Or 2(J?) = 2(Ci?).... (B) 

The results included in the formulae (A) and (B) are the laws 
given by KirchhofF for a net-work of linear conductors. 

8. Maxwell's Investigation for a System of Ijinear Ck>n- 
ductors. 

Suppose we have n points A^, A^, A^y,,,A^ connected to- 
gether in pairs by J « («— i) conductors. Let the potentials of 
these points be P^, P^, P^y,,,P^, Let the conductivity (or 
reciprocal of the resistance) of the conductor joining -4^ and Ag 
be Epg. Let the internal E. M. F. (which may be zero) in this 
conductor acting from A ^ to A g he Epg. And let the current 
from Ap to A^ along the conductor Ap Ag be Cpg. Thus we 
have the relations 

Also this system is not supposed to be necessarily complete 
in itself, as in the case to which KirchhofTs Laws apply ; but 
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suppose that currents Q^^ Q^y Qs^'-Qn enter it at the points 
A^, A^j A^,,.,A^, We must have 

Oi+Oa + <28+ .• + <2« = o.... (2) 

Also we have the equations 



^pq "~~ "^pq \"* p q*pq)* ••• 



(3) 
(4) 



Vp — ^|»i+ ^p2+ ^ps^" ••• "t" ^p««"" 

Thus 

Qp = (-^pi + -^p2 + "^P8+*"+-^|)«)-^p 

— ( -^P 1 -^1 + -^P 2 -^2 + -^P 8 -^8 + • • • + -^P« -^^f) 

+ (-^Pl-^Pl + '^P2-^P2 + ^pS^P8+---+-^P«-^P»)*-" (5) 

The symbol K^^ does not occur in this equation. Let us 
suppose 

J^pp'= — (-^pi+-^p2 + -^ps+ •••+-^p«)*--- W 

Thus we get from (5) 

^P\ ^1 + -^P2 ^2 + -^PS -^8 + • • • + ^pp Pp + • • • + Kpn Pn 

^ ^P\^P1 + ^P2^P2+ '"-^^pn^pn^Qr" (V) 

We have in all n such equations as this among the n poten- 
tials /^i, P^,,,,Pft, These however are not all independent, for 
if we add the system of equations (8) the results on both sides 
will be identically zero from (i) {2) and (6). Thus there are 
n — i independent equations from which we may determine 
«— I differences of potential. 

[We may notice that (7) is equivalent to 

= -^pi-£'j,i + -ff'p2-^P2+*'-+-^P«-^p«~'Cp'] 

Now let D denote the determinant 

■*^ll > -^12 **"*^\ (»— 1)> 

■^21 > ■''^22 > • • •■'^ 2 («— i)j 



'**-«l> •**-«2»*" («— 1)(»— 1)> 

which is symmetrical because K^^^ = K^^, 
the minor of Kp^. Then we have 



And let D^^ denote 



+ (^«^«^-+^2«^2«-02)^P2+--. (8) 



Chap. II.] Steady Flow in Conductors. 107 

In the same way we may determine P^—P^, and so P^—P^y 
and thus find Cp^ . 

The coefficient of Qq in Pp—P^ is D^^jD, This is equal to 
the coefficient of Q^ in P^—P^. For D^^, = D^^ 

It follows that if a current Q entering the system at A and 
leaving at B cause an E. M. F. P between C and />, a current 
Q entering at C and leaving at D will cause an E. M.F. P 
between A and B, 

[For we have 

D{Pc-Pd)^- Q{Pac-Dad)^-Q{Pbc-'Dbd\ 

and D(Pa-Pb)^-Q(Pca-Dcb)'VQ(Pda-Ddb\ 
and the two expressions on the right-hand side are equal.] 

If an K M. F. E^^ act along the conductor ^p ^ the current in 
-4^, is 

K^ Kpq Epq (p,p^D,q^D,q^D.;)^D. 

If there is no current in -4„, the condition is 

On account of the general relation Dp^ = 2?^p, this is easily 
seen to be the condition that there should be no current in -4^^ 
when an E. M. F. acts in -4„. When this relation holds the two 
conductors are called conjugate, 

9. Conductors of any Perm. Suppose we have a solid con- 
ductor of any form with two given electrodes, that is two surfaces 
in it, kept throughout at two given potentials Fj and V^ respec- 
tively. There will be a flow of electricity between the electrodes. 
And we can draw in the conductor a series of surfaces between 
the electrodes, each one of which is at the same potential 
throughout. These are called equipotential surfaces. We can 
draw a series of surfaces from one electrode to the other across 
which electricity never passes in either direction. These are 
called surfaces of flow. And the lines of intersection of these 
surfaces are called lines of flow. 

Let dS be an element of an equipotential surface, p the 
specific resistance of the conductor at dS, dn an element of 
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normal to ^•S'. Then the flow of electricity per second across 

— — -=- do, 
p an 

Now if dS^ is any element of surface in the same position as 
dS, making an angle € with it, and dn' is an element of normal 
to dS", the flow of electricity per second across ^•S' is 

p dn pdn 

10. If we have two given states of potential and of flow in 
equilibrimn, then the state got by superposing these two is in 
equilibrium also. For let Vy V be the potentials in the two states 
at an element of surface dS, The sum of the two flows of elec- 
tricity per second across dS in the two states is 

p dn 

But F+ V being the sum of the potentials at dS in the two 
states, this expression is what we should get for the flow across 
dS with the new distribution of potentials. Thus when the 
two given states are compounded, we have at every point a 
flow of electricity and a state of potential in equilibrium with 
each other. For neither would tend to alter unless the other 
were first altered. Thus the compounded state is a state in 
equilibrium. 

11. The direction of the lines of flow in passing across the 
surface of separation of two media of diflerent specific resistances 
is as a rule abruptly altered at the surface. Let the specific 
resistances of the two media be Pj, p^. Let ^i, Q^ be the angles 
of inclination of a line of flow, at any point P on the surface of 
separation of the media, to the normal to the surface at that 
point. Let /^, I^ be the currents per unit area at P in the two 
media normal to the surface of separation ; /'j, I\ the currents 
per unit area parallel to the surface of separation. Let dn 
be an element of normal to the surface of separation of the 
media at P measured in the same direction in both media, 



Chap. II.] Steady Flow in Cofiductors. 109 

towards the surface in the first, away from it in the second. Let 
<//be an element of length on the surface of separation measured 
away from P, in the direction in which the potential decreases 
most rapidly. Then F^, 1\ are both in the direction of dl, that 
is the elementary portions of a line of flow on the two sides of 
P are in the same plane with the normal to the surface of 
separation at P, 

r r 

And tan ^1 r= -J , tan ^j = ~. 

A -'2 

* p^ dl ^ Pa ^^ 

And we must have /^ = /g, for as much electricity flows away 
from the surface of separation per second as flows up to it. 

Therefore p^ tan 6y = p^ tan B^ . 

12. In any conductor let c be the specific conductivity, that is 
the reciprocal of the specific resistance, and V the potential, at 
any point. Consider a rectangular parallelepiped dx dy dz in 
the conductor, having two opposite comers at the points 
(x,yy£) {x + dx,y+dy, z + dz). The current flowing into the 
parallelepiped across the face dy dz is 

--dydzc-^r-' 
dx 

That which flows out at the opposite face is 



^ ^ ( dV d . dV^^l 
^dydz}^c_^_^c-^)dx)^ 



So that the gain of electricity per second in the parallelepiped, 
due to these two faces, is 

And we have similar expressions for the other two pairs of 
faces. But when the permanent state of flow has been attained 
there is no gain or loss of electricity in the given elementary 
parallelepiped. Thus we have the equation 

d r dV^ d r dV^ d f dV^ 
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Or if the conductor is homogeneous, we have 

13. Anisotropic Kedium. There are certain media which 
have different specific conductivities in diflferent directions. In 
any such medium there are always three directions at right angles 
to each other such that an E. M. F. in one of these directions 
produces a current entirely in that direction. These three 
directions are called principal axes of conductivity. Let us take 
them as axes of coordinates, and let the specific conductivities in 
the directions of them be r^, ^j, r,. Let dS be an element of an 
equipotential surface ; dn an element of the normal to dS, Let 
the current at dS be /, and the components of / parallel to the 
axes, I^i ^%y -^8' ^^ ^^ direction cosines of dn be /, /», n\ 
and those of /, f, m\ «^ Then we have 

,dV - dV ^ dV 

Therefore — . = — = 

Thus the current will not be in the same direction as the 
E. M. F. when c^, c^^ c^ are different unless two of the quantities 
/, m, n are zero. That is, the E. M. F. must be in the direction 
of a principal axis. 

14. Suppose we have a conductor formed of an indefinitely 
extended thin sheet of a conducting substance, of thickness /, 
and specific resistance p ; and let there be two electrodes con- 
sisting of small cylindrical surfaces with axes perpendicular to 
the sheet, of radius a, and with their axes a distance apart b, 
which is large compared with a. To find the resistance of the 
conductor. Let / be the current flowing from one electrode to 
the other ; F^, V^ the potentials of the electrodes. 

Now if we consider a current / to flow away from the positive 
electrode to an infinite distance, the equipotential surfaces will 
be cylinders coaxal with the electrode, and the lines of flow 
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straight lines meeting its axis at right angles. If V is the 
potential at a distance r from the axis, we have 

2TTr/dV 

.-. F=C--^logr, 

by integrating, C being a constant. 

Thus the potential difference between the positive electrode 
and the axis of the negative, that is practically between the 
electrodes, due to the current / from the positive one is 

— ^log-. 

2 TT t a 

And we have also the same potential difference in consequence 
of the current —/from the negative electrode. Thus we have 

And the approximate value of the resistance is 

TTt a 

Let us consider the sheet to be indefinitely thin, and the 
electrodes to be points on it. The potential at any point on the 
sheet at distances r^ , r^ from the electrodes will be 

log — + a constant. 

2 -77 / r^ 

Thus the lines of equal potential will be lines for which Tj/r^ 
is constant. These are a system of coaxal circles of which the 
electrodes are the limiting points. The lines of flow will be 
circles orthogonal to these or circles through the electrodes. If 
w^e made the electrodes of any size, and circular, they would 
become two of the circles of the coaxal system which are the 
equipotentials. 

16. Suppose we have an indefinitely extended conducting me- 
dium of specific resistance p. To find the resistance between two 
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small spherical electrodes of radius a, placed in the medium. 
Let / be the current flowing between the electrodes, whose 
potentials are V^ and V^. Let V be the potential at a distance r 
from the centre of the positive electrode, due to the current / 
flowing from this electrode. Then we have 



/=- 



F= 



p dr 

9 

47rr 



since the potential vanishes at an infinite distance from the 
electrode. 

Thus F'=^, 

4'7ra 

neglecting the influence of the current— /at the negative elec- 
trode on the positive one. 

ip 



Similarly Fg = — 



4 Tia 



*■ 2Tia 



Therefore the resistance is 

9 



2TTa 



a value independent of the distance between the electrodes. 

The resistance in a conductor bounded on one side by a 
plane, but otherwise indefinitely extended, between two hemi- 
spherical electrodes of radius a is double of this tesult, that is 

Tta 

This is practically the case of the conduction between two 
electrodes in the earth, at places not too far apart. 

16. Suppose we have a condenser of which IT is the specific 
inductive capacity of the dielectric, C the capacity, Q, — Q the 
charges on the conductors, p the specific resistance of the 
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dielectric, R the resistance of the dielectric considered as an 
electrical conductor with the condenser conductors as electrodes, 
/ the entire current in this conductor. 

Then if F" denotes potential, n the normal to the positively 
charged conductor measured into the dielectric, dS an element 
of the positively charged surfacie, we have 

p an 



-Iff 



an 



And if (T is the surface density at dS, 

... 0=ff.dS^-fJf'^dS. 

Now if Fj, V^ are the potentials at the positively and nega- 
tively charged conductors, we have 

^ p _ 4TrC 

" R'"~]r' 

17. Iiaw of Joule. Consider a portion of a circuit of 
resistance i?, in which a steady current C is flowing. The 
E. M. F. of the extremities of this portion is CR, So that the 
work done in it per second in joules is C^R. This energy is 
entirely expended in generating heat in the conductor ; so that 
C^R is the mechanical measure, or the measure in joules, of the 
quantity of heat developed in the conductor per second. 

If H is the number of calories of heat developed in the 

I 
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conductor in a given time, say / seconds; and/is the mechanical 
equivalent of heat, we have 

JH=C^Rt. 

This relation is Joule's Law for the quantity of heat developed 
in a conductor by an electric current It has been verified 
experimentally by Joule. 



CHAPTER III. 

Mechanical and Electrical Units. 

1. Meohanioal TTnits. Before speaking of electrical units 
we shall consider a few mechanical units which are of great 
importance in electrical work. 

1^\\<^ fundamental units required in mechanics and electricity 
are those oi lengthy mass, and time. Units of all other quantities, 
that we have to consider, are derived from these and are called 
derived units. 

The fundamental units used by all electricians are the centi- 
metre, gramme, and second : and the system of units, mechanical 
and electrical, derived from these is called the centimetre-gramme- 
second system, or C. G. S, system. 

Two of the derived mechanical units of the C. G. S. system 
we shall find of great importance. These are the units of force 
and of work, called the dyne and the erg. We give their formal 
definitions. 

Def. : THE DTNE is the force which acting on a mass of 
one gramme for one second generates in it a velocity of one 
centimetre per second. 

Def. : THE EBG is the work done by one dyne when it 
moves its point of application through a distance of one 
centimetre in the direction in which it acts. 

2. As British Engineers use quite a different system of units 
from this, we shall compare the principal units in the two 
systems. 

The fundamental units of the British Engineers' system are 
the /hot, the pound, and the second, 

t 12 



/^ 
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. The unit of work, called \ht foot-pound^ is not derived in the 
same way as the erg, but its definition is as follows. 

Def. : THB FOOT-POUND is the work done when a force 
equal to the weight of a pound moves its point of application 
through a distance of one foot in the direction in which it 
acts. 

Thus this unit is not a perfectly constant one, like the erg, 
but depends on the value of acceleration due to gravity in any 
given place. 

To compare the two systems, we have the following relations. 

I centimetre = .0328 feet, 
I gramme = '002204 pounds; 

the unit of time is the same in both systems. 

The acceleration due to gravity is in the British Engineers' 
system about 32-2 units of acceleration, or 32*2 feet per second 
per second. 

Now 33*2 feet = 32*2 -5- 0328 cms. = 981 cms. 

Thus the acceleration due to gravity is 981 units of accelera- 
tion in the C. G. S. system. 

That is, the unit of mass is acted on by the earth's attraction 
with 981 units of force, or the weight of a gramme is 981 
dynes. 

To compare the foot-pound and the erg, we notice that 

I foot = cms. ; 

•0328 

I pound's weight = — dynes. 

^ '002 204 

Thus a foot-pound = r ergs 

'^ -002204 X '0328 

= 13,833 X 981 ergs = 1.356 X 10'' ergs. 

To find the value of a foot-pound in terms of an erg, we must 
always multiply 13,833 by the number of units of acceleration 
due to gravity expressed in the C. G. S. system for the given 
locality. Taking 981 as the approximate value of this, we get 
the number 1*356 x 10''. 
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The erg as a unit of work is inconveniently small, so that 
instead of this as a practical unit \ht joule, equal to 10'' ergs, is 
used. 

Thus the foot-pound = i«356 joules. 

The practical unit of power, or rate of doing work, adopted 
is the watt, which is equal to one joule per second. 

The British Engineers* unit of power is the Horse-Power, 
which is the rate of doing work at 33,000 foot-pounds per 
minute, or 550 foot-pounds per second. 

One Horse-Power = 550 x i'356 watts 

= 745-8 watts 

or 745-8 joules per second. 

3^ The electrical units which we shall now obtain are based 
on the magnetic actions of the electric current, and are called 
Electro-Magnetic Units to distinguish them from the Electro- 
Static units already obtained, which are based on the electro- 
static actions of electrical charges. 

4* Electrical Units. The electric units, as we have said, are 
derived from the C. G. S, system of units : but the electrical units 
derived directly from this system are found to be of inconvenient 
size for practical use ; so that other practical units, obtained by 
multiplying these by integral powers of 10, are adopted. 

Unit of Current, The C. G. S. unit of current has been 
already defined with reference to the magnetic action of the 
current as follows. 

Def. : THE UiriT OP OUBBBNT is the current which 
flowing in a conductor in the form of a circular arc one 
centimetre long, and having a radius of one centimetre, 
acts with a force of one dyne on a unit magnetic pole placed 
at the centre of the circle. 

The practical unit of current is the AMFEBE, which is 
^ of the C. Q. S. unit of current. 

Def.: the unit of ELEOTBIOITY is the quantity 
"srhich passes betinreen two points in one second when unit 
current is flowing between them. 
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The practical unit o^ electricity is the COUIiOMBy and 
defined with reference to the ampere it is ^ of the C. 0. 8. 
unit. 

6. Unit of Electromotive Force. The E. M. F. or P. D. 
between two points is the work done bj the electrical forces on a 
unit of electricity passing from the point of higher to the point of 
lower potential; that is, it is the work done per second on 
every unit of current passing between the two points. Thus 
we have the definition ; 

Def. : THE XJTNIT OF E. M. F. is the E. M. F. that must 
exist beti^een two points when one erg of work is done per 
second for every unit of currtot that passes between the 
two points. 

The practical unit of E. M. F. is the VOIiT, which is the 
E. M. F. that must exist between two points when a joule 
of "work is done per second for every ampere passing 
between the two points. 

If in any system of units E is the E. M. F. between two 
points, C the current flowing between them, and W the work 
done per second between them, we have the equation 

W^EC. 

To find the relation between the volt and the C. G. S. unit of 
E. M. F. let us suppose the E. M. F. between two points to be a 
volt, and let a current of an ampere be flowing between them. 
Then we know that a joule of work is being done per second 
between them, or work is being done at the rate of a watt. 

Now let us write the equation 

W^EC 

as an equation in C. G. S. units, for the work done per second 
between the two points; and express all the quantities in C. G. S. 
units. We know that FF= lo' C. G. S. units of power, and 
C = lo""^ C. G. S. units of current. 
Thus writing the above equation in C. G. S. units, we have 

lo' = E, 10-^ 
.-. E-io\ 
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Thus the volt contains 10' C. G. S.-units of E. M. F. 

6. Unit of Besistance. We have seen by Ohm's Law and 
the definition of resistance that, using any units of E. M. F., 
current, and resistance, if we have a steady current C flowing 
through a conductor of resistance i?, its terminals being at 
P. D. E^ then we have the relation 

E^CR. 

From this we get the definition of the unit of resistance. 

Def. : THE UNIT OF KBSISTANOS is the resistance of 
a conductor, such that when unit of current flows steadily 
through it, its terminals are at unit of potential difference. 

The practical unit of resistance is the OHM, and is the 
resistance of a conductor such that when an ampere flows 
steadily through it its terminals are at F. D. of a volt. 

To find the relation between the ohm and the C. G. S. unit 
of resistance, suppose we have a conductor w^hose resistance is 
an ohm, and that a current of an ampere is flowing steadily 
through it. Its terminals are at a P. D. of a volt. 

Let us write the equation 

E^CR 

as an equation in C. G. S. units for the P. D. of the terminals of 
the given conductor, and express all the quantities in C. G, S. 
units. We have ^ = 10® C. G. S. units of E. M. F., and 
C = 10"^ units of current. 

Thus io«=io-^7?. 

.-. i? = 10*. 

Thus the ohm contains 10* C. G. S. units of resistance. 

7. Unit of Capacity. If we have a condenser of capacity A!', 
and by charging it with a quantity Q of electricity, we raise its 
terminals to P. D. E, then JT, Q, and E being expressed in any 
consistent units, we have the relation 

Q^KE. 

From this we get the definition of the unit of capacity. 

Def. : THE UNIT OF CAPAOITT is the capacity of a 
condenser which is raised to unit of potential difiference by 
a charge of unit quantity of electricity. 



120 Mechanical and Electrical Units. 

The practical unit of capacity is the FABAD, which is 
the capacity of a condenser that would be charged to a F.D. 
of one volt by a charge of one coulomb of electricity. 

The farad however is an inconveniently large unit, and for 
convenience capacities are usually measured in microfarads, a 
microfarad being ^.oqo ^qq ^^ ^ farad. 

To find the relation between the farad and the C. G. S. unit 
of capacity, suppose we have a condenser of a farad capacity 
charged with a coulomb of electricity. It is at a P. D. of a 
volt. 

Let us write the equation 

Q^KE 
as an equation in C. G. S. units for the quantity of electricity 
with which the condenser is charged, and express all the quanti- 
ties in C. G. S. units. We have Q = lo"^ of a C. G. S. unit 
of electricity, ^ = lo® C. G. S. units of P. D. 

Thus IO-* = K, \o\ 

.-. ir=io-». 

Thus the farad is lo"' of the C. G. S. unit of capacity. 
And the microfarad = io~*® of the C. G. S. unit of capacity. 
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Measurement of Resistance. 

1. We have seen that the practical unit of resistance is the 
ohm. To njeasure the electrical resistance of a conductor, then, 
is to determine by what number its resistance, as expressed in 
ohms, is to be denoted. 

Methods of finding the value of the ohm, or of finding the 

value in ohms of the resistance of a given conductor, based on 

the principles by which the ohm has been defined, will be 

spoken of later on. Such a process is called measuring the 

J resistance of a conductor in absolute measure. 

In the ordinary process of finding the resistance of a con- 
j ductor it is found by comparison with those of given conductors 

which have previously been determined from experiments on 
absolute measure of resistances. 

The unit of resistance, from which nearly all standard resist- 
ance coils in use have been made, was fixed upon by the 
British Association, and intended to be the true ohm. But 
as it has since been found to be not quite accurate, it is 
best called the B, A. unit of resistance. It is the resistance of a 
column of mercury i04'83 cms. long and i sq. mm. cross-section 
at 0° C From more accurate determinations it was decided by 
I the Paris Congress of 1884 to adopt as the unit of resistance 

the resistance of a column of mercury 106 cms. long and i sq. 
mm. cross-section at 0° C. This resistance is much nearer to 
the value of the true ohm, but is known to be still a little too 
small. This unit was called by the Paris Congress the legal ohm. 
We have the relations 

I legal ohm = 1*0112 B*A, units ^ 
I B.A, unit'=' '9889 l^al ohm. 
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The tme ohm would probably be verj nearly equal in value 
to the resistance of a column of mercury 106-25 cms. long and 
I sq. mm. cross-section at o^ C 

2. To measure a resistance then we make use of a given 
standard set of coils, whose resistances are known in terms of 
some definite unit of resistance (generaUy the B. A. unit), and we 
have to determine how many times the given resistance contains 
the unit. This process is also called comparison of resistances. 

A set of resistance coils, so arranged that we may obtain 
from it by suitable adjustments a resistance of any number 
of units required up to a certain limit, forms an arrangement 
called a resistance box, 

8. A few points in the practical construction of resistance 
coils should be noticed. 

The coils are either arranged so that they may be immersed 
in water at a standard temperature, at which their resistances 
have been adjusted ; or their resistances are corrected to aUow 
for variations of temperature. 

The wire of which the coils are to be made is covered with 
insulating material, and before winding, it is doubled on itself, 
so that throughout the coil there are equal and opposite currents 
flowing side by side. The object of this is (as we shall see 
later on) to avoid induction efifects. 

The ends of each coil are connected to two points in a thick 
strip of brass which is bored with a conical hole between the 
ends of the coil, and into this hole a conical plug fits. The 
strip is then slit across through the hole ; so that when the 
plug is inserted the resistance along the strip from one end of 
the coil to the other is practically nil, but when the plug is 
removed we have the entire resistance of the coil. An entire 
set of coils is connected up in series in this way along a strip of 
brass, and between the ends of each coil there is a gap with a 
conical hole and a plug fitting into it. We can insert in the 
series the resistance of any coil by removing the plug corre- 
sponding to it. 

Resistance boxes are usually made with their coils of resistances 
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i%i 



equal to the following multiples of the unit : i, 2, 3, 4, lo, 20, 

30, 40, 100, With these we can easily obtain any multiple 

of the unit up to the sum of all the resistances of the box. . 

4. A special form of resistance box, the use of which we 

shall presently explain, is the Post Office Box. A diagram 

of the resistances and con- 
fix 
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nexions of this box is shown 

in the figure. The double 

lines represent the thick strips 

of brass fastened down to an 

ebonite slab. The numbers 

denote the resistances of coils 

lying below the ebonite slab, 

and inserted along the strips 

of brass in the way already explained. AtA,B, C, JD, E, F, G, 

are binding screws. FH and KG are flexible pieces of brass 

having the ends F and G fixed ; and at the other ends H and K 

are ebonite knobs, by pressing which down contact is made by 

platinum contacts, thus putting F and G in connexion with 

A and B respectively. 

6. Substitution Method. This is the simplest way of 
measuring the resistance of a coil. A constant battery, a 
galvanometer, and an adjustable set of resistances are required. 
The coil is joined up in series with the battery and the galvano- 
meter, and the deflexion of the galvanometer observed. The 
coil is then removed and replaced by the resistance box, the 
resistance of which is adjusted till the same deflexion in the 
galvanometer is obtained. Thus we have the same current 
passing through the galvanometer, and the entire resistance 
of the circuit must be the same. Therefore the resistance 
of the coil must be equal to that to which the resistance box 
has been adjusted. 

Supposing the E. M. F. and resistance of the battery and the 
resistances of all other parts of the circuit to remain constant, 
the degree of accuracy to which we can measure the resistance 
of a coil by this method will depend upon two things : 
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(i) The accuracy to which we can adjust the substituted 
resistance to any given value, or the accuracy with which we 
can read off its value when adjusted ; 

(ii) The sensitiveness of the galvanometer at the deflexion at 
which we use it. 

In using this method we may suppose that all tHe error arises 
from want of sensitiveness in the galvanometer, because it would 
be found, as a rule, that on varying the resistance of the circuit 
by amounts which can easily be measured, the variation of the 
galvanometer deflexion is inappreciable. 

Suppose we use a given tangent-galvanometer having a 
reduction factor K, and a battery of E. M. F. E, Let the 
resistance to be measured be i?, and the resistance of the 
remainder of the circuit r. 

If Q is the deflexion of the galvanometer, 

-= — = K tan Q. 
J\'\-r 

Suppose the substituted resistance is adjusted to a value 
R-^-dR, differing slightly from J?, and let this produce a 
deflexion 0-\-dO in the galvanometer. Then supposing a small 
variation of the galvanometer deflexion to be equally appreciable 
all over the scale of the galvanometer, for greatest accuracy we 
must adjust matters so that a given variation of resistance dR 
produces the greatest possible variation of deflexion dO, 

Now suppose we can vary E without much altering the value 
of r, which will be the case if we have battery cells of small 
resistance compared with that of the galvanometer. 

We have from the above equation 

R-\-r=: — coie, 

. • . dR=- —V? cosec* Q . dQ, 

.-. (/^ = -^sin^^.</7?, 

E 

= — = — sm cos 0, 
R-^r 
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Thus for the variation dR to produce as great a variation dQ 
in the deflexion as possible we must make r as small as is con- 
venient, that is, introduce no unnecessary resistance into the cir- 
cuit, and then adjust E so that sin Q cos Q is as great as possible, 
that is, have a deflexion as near to 45° as possible. 

e. Wheatstone's Bridge. This is an arrangement for 
measuring resistances constructed in the manner indicated in 
the diagram. BC,CE,BA,AE, 
are four conductors. The poles 
of a battery are connected to B 
and jF, and the terminals of a 
galvanometer to A and C, The 
resistances of the conductors are 
so arranged that there is no cur- 
rent in the galvanometer. 

Now let the resistances of the 
conductors be, as denoted in the figure, p, q, r, s. And let the 
potentials oi A^ B, C, E, be Va, Vb^ Vc, Ve» Since there is 
no current in the galvanometer, Va = Vc. 

Since the same current flows along BAE we have 

Vb-Va ^ P 
Vb—Ve p-\-r 
And since the same current flows along BCE we have 

Vb-Vc ^ q 
Vb—Ve q-\-s 

.'. -^ = ^ 
p-^-r q + s' 

. . ^^ " 
r s 

If then we know three of the resistances /, q^ r, s, we can 
find the fourth. 

In the working of this method a contact-key is used in the battery 
circuit and one in the galvanometer circuit, so that the battery 
and galvanometer may be put in for a short while at a time, and 
not kept on all the time that the adjustments are being made. 
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The Post OflSce resistance box is a very convenient arrange- 
ment for making this test. The battery has its poles connected 
to the screws E and G, and the galvanometer its terminals to 
C and F. The resistance to be measured is joined up from 
C to E, When the knob K is depressed the battery is put on 
from B to E. When H is depressed the galvanometer is put 
on from A to C Thus the arms CB^ BA, AE^ and the resist- 
ance CE take the place of gyp, r, s, in the diagram ; the letters, 
AyByCy E, occupying corresponding places in the two figures. 
In making this test the battery-key should be always depressed 
before the galvanometer-key, to avoid induction effects in the 
galvanometer, as we shall see later on. 

7. Let us consider what the currents in the various arms will 
be with any given resistances. Suppose we have a battery of 
E. M. F. E, and let the resistance of the battery circuit from 
-ff to ^ be b, and that of the galvanometer circuit from A io C 

be g. Let the currents flowing through 
the various resistances be denoted 
by the corresponding capital letters, 
as in the figure. 

We have at once the relations, ob- 
tained from Kirchoff's first law, 

So that it is only necessary to 
obtain three more independent equa- 
tions in P, Oj G-' These we get by 

applying Kirchhoff's second law to the three circuits BACy 

CAE, BCE. Thus we have 

Gg^-Pp-Qq^o, 
^Gg-^{P'-G)r^{Q-{- G)s = o, 
(P+Q)b+Qg+{Q+G)s = E. 

These we may rewrite as 

Gg-hPp-Qg^o, 
^G{g+r+s) + Pr''Qs = o, 
Gs-^Pd-hQ{d+g + s)==E. 
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Let us write D for the determinant 

-ig+r+s), r, -J, 
J, ^, ^ + ^ + J. 

Then for the value of G, the galvanometer current, we have 

^ _ E{qr^ps) 
^- 5 

This again shows what relation must exist among the resist- 
ances that there may be no current in the galvanometer. 

Similarly the currents in the other arms may be found. 

8. Ck>ndition8 of Aoouracy. For accuracy in determining 
the value of an unknown resistance by this method we must 
arrange so that an error made in the estimated value of the 
unknown resistance may be easily detected by a deflexion of the 
galvanometer. 

Suppose that p is the resistance to be measured, and q, r, s 
are adjustable. In measuring the resistance of a conductor only 
a very small current must be passed through it ; for the effect 
of a current is to raise its temperature, and so alter its resistance, 
so that a large ciurent passed through the conductor will 
produce an error in the result. Suppose then we fix the value 
of the current P which is to pass through the resistance/. The 
value of the galvanometer current in terms of this, found from 
the first two of the equations given above, by eliminating Q, is 

^^ P(rq^ps) 

gs-\-gq + rq + sq' 

It may be noticed that this is independent of the £. M. F. and 
resistance of the battery used, so long as the value of P is 
determined. 

After having made the adjustments as well as possible the 
estimated value ofp is rq/s. Now suppose this is not the true 
value, but that an error dp is made in the measure of p, so that 
rq/s =p + dp. Thus we get 

Psdp 



G = 



gf-^g^ + rq-^sq 
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Now the deflexion of the galvanometer will depend on its 
construction and on G. Suppose we are given the space for 
the galvanometer-coils, and we wish to determine what wire 
it must be wound with so as to be suitable for making the 
given measurement. If we have the space wound with wire 
of a certain gauge, and we alter the cross-section of the wire in 
the ratio i :», we also alter its length in the ratio n\i, and 
(supposing the thickness of the insulation to bear a constant 
ratio to the diameter of the wire) we alter its resistance in the 
ratio «^: I. But the sensitiveness of the galvanometer, or the 
deflexion produced by a very small current, is proportional to 
the number of turns; it is therefore altered in the ratio «: i. 
Thus the sensitiveness is proportional to Vg. Therefore the 
deflexion produced is proportional to 

P.sdpVg 

^(^ + ^)+^(^+^)' 
This is a maximum for variations of ^ when 

£(r+£) _ r(p^^q) 

^ s-^q ' p-^r 

This then is the best value for the galvanometer resistance. 

The winding of the galvanometer would not, as a rule, be 
made to have this value, but this shows us that if the arms are 
of high resistance it is best to use a galvanometer wound with 
fine wire; and if they are of low resistance, one wound with 
thick wire. 

If we arrange to give the above value to the galvanometer 
resistance we get 

Psdp __ Pdp 

"" 2j7(r + j)'" 2(p-\rq) 
And the deflexion is proportional to 

PdpVr 

From this it follows that, as far as this consideration alone is 
concerned, we should make q very small and r very large. 
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9. But the accuracy of the determination will depend upon 
two distinct considerations, 

(i) The sensitiveness and suitability of the galvanometer ; 

(ii) The accuracy to which the adjustable resistances can be 
adjusted and read off. 

To consider the second of these ; since the estimated value 
oip is given by ^- 

we see that, if dq, dr, ds are errors made in reading the values 
of ^, r, s, and dp is the corresponding error in the estimated 
value of p, supposing now that there is absolutely no current in 
the galvanometer, 

dp dq dr ds 

p q r s 

Therefore any relative error made in ^, r, or s will produce 
an equal relative error in p. So that if we wish to measure p to 
the same absolute 2iCC\XT2icy as q, r, and s can be adjusted to, none 
of these should be smaller than p. 

Again, it is not well to make the resistance r very high on 
account of the error due to heating that the current which passes 
through/ would produce in it. 

If the four resistances p, q, r, s are taken to be equal the best 
value for the galvanometer resistance is the same. 

10. We have seen that when the balance has not been com- 
pletely obtained the current through the galvanometer is 

^- 5 , 

and D is equal to 

^^(/+^ + ^+^) + ^(/ + ^)(r+j)+^(/> + r)(^+j) 

^pr{q + s) + qs{p + r). 

Now if we interchange the battery and galvanometer we get 
for the current through the galvanometer 

E(qr^ps) ^ 
G = -^ , 
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where If is another determinant function of the resistances, 
whose value, it can easily be seen, is got from that of D by 
interchanging the letters g and h. Thus G is greater or less 
than & according as Jff is greater or less than D. 

But D -2?'= (3-^){(/ + ^)(r+j) - (/> + r)(^+^)} 

Suppose that h is greater than g. And suppose that p and r 
are both greater than, or both less than, s and q respectively. 
Then D is greater than U, Thus the second arrangement is 
more sensitive. 

In the same way by examining all the cases we see that the 
following rule holds : 

If of ike two resistances^ that of the battery and that of the 
galvanometer^ the greater connects the junction of the two highest 
with that of the two lowest resistances of the four arms, the de- 
flexion in the galvanometer is the greatest, 

11. Measurement of a resistanoe containing an E. M. F. 
Suppose in the arm BA whose resistance is to be measured 
there is an E. M. F., e. Our equations must now be written 

Gg^Pp-Qq^e, 
-G(g'^r+s)+Fr-Qs = o, 
Gs + Pd + Q{d-^q-^s) = i:, 
The value of G obtained from these is 

^ E (qr^ps) + e {5{r-\-s) -\- r {q-\-s)} 
G = ^ 

Now suppose the balance obtained, that is qr =/j, then the 
value of G is independent of uE*. Also we have 

J^=g{^<J> + g + r + s)'\-{p-hr){q+s)}+5{p+q){r-{-s) 
That is, in this case, 



2? = ^|3(r+^)(^ + ^)+r(^ + j)2| + ^^(r+jy 
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Thus G = -^ '-^^ — r , 

which is also independent of b. 

To test whether the balance is obtained in this case, the 
course is to make the galvanometer circuit first, which will pro- 
duce a deflexion of the galvanometer, and to see that no further 
permanent deflexion is produced on then making the battery 
circuit. A throw of the galvanometer needle, due to self-induction, 
may be obtained on making the battery circuit : but if the same 
permanent deflexion is produced in the two cases, that is, with 
battery key up and down, then the balance has been obtained. 

12. Mance's Test for Battery Besistanoe. 

This is a particular application of the above. The battery 
whose resistance is to be tested is inserted in an arm of the 
bridge. The testing battery is dispensed with, but the points 
B and E may be connected through a contact-key. The 
galvanometer deflexion, with B and E unconnected, is first 
obtained, and then if on connecting B and E this is unchanged, 
the balance has been obtained. 

If the battery to be tested is of an inconveniently high 
E. M. F., consisting of several cells, it may be joined up so as 
to have the same resistance but a low E. M. F. by making some 
of the cells oppose the others. 

13. Suppose we wish to obtain the balance with E. M. F.s 
in any number, say in all, of the arms. Let these he e^j e^, e^y e^ 
in/, ^, r, s respectively. Then our equations become 

Gs +i>3 + 0(^ + !7+j) =^+^j + ^4. 

Solving for G by determinants we find that its value con- 
sists of five terms having as factors E, ^i> ^a' ^s* ^4> ^^ \.trm 
in E disappearing when the balance has been obtained. 
And in the same way as before it follows that the terms in 
^i> ^a> ^8> ^4 ^® independent of h when the balance has been 
obtained: so that the test for the balance is performed as 

K 2 



1^7, Measurement of Resistance. [Part hi. 

before, that is, by observing that the permanent deflexion of the 
galvanometer is not altered on putting in the testing battery by 
means of its key. 

14. The Metre Bridge. — This is another piece of apparatus 
for realizing Wheatstone's Bridge in practice. ^^ is a wire 

a metre in length, 
gnirft ft-tgrnft ^ ffl ^ (gFnl which we will sup- 
pose to be of 
uniform resistance 
throughout, made 
of some material such as platinoid, an alloy of German silver 
and tungsten, which has a high specific resistance, and changes 
very little in resistance for variations of temperature. This is 
soldered to a strip of thick copper ACD,,.B^ in which are four 
gaps at CD, FG, KL, NO, and eleven binding screws C, D, E, 
F, G, Hy K, L, M, iV, O, Over AB slides a contact-piece, by 
pressing a knob of which contact can be made with any point 
in AB, and the distance through which this has been moved is 
measured by means of the scale PQ divided into millimetres. 

16. The following are two of the principal uses of the bridge. 

(1). To compare the resistances of two coils. 

Insert the coils in the gaps FG, KL, connecting their ends to 
the binding-screws F, G, K, Z. Connect CD, NO by short stout 
pieces of copper. We may now suppose these connectors and 
all the copper strips of the bridge to have no resistance. Con- 
nect the poles of a testing battery to E and M, and the terminals 
of a galvanometer to H and the contact-piece. Adjust this piece 
till no deflexion is obtained in the galvanometer on making 
contact with the wire. Suppose R is the point on the wire so 
obtained. Then the ratio of the resistances at FG and KL is 
equal to that of the resistances AR and RB, or of the length 
AR and RB as given on the divided scale. 

(2). To determine the difference between two nearly equal 
resistances in terms of the length of a portion of the bridge 
wire. 

Join up battery and galvanometer as before. Put the two 
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resistances p and q in CD and NO, and two auxiliary resist- 
ances nearly equal to each other, and as nearly as convenient 
equal to the given resistances in FG and KL, Find the point 
for the contact piece at which the balance is obtained. Let 
this be R, Now interchange p and q and find a new position 
5* for the contact piece. The entire resistance EABM\% the 
same in the two cases, and it is divided at the points R and *$" 
in the same ratio in the two cases. Thus the resistance of 
^^i? through / must be the same as that of jE'-4i?*S' through q. 
Thus we have/— ^ = resistance oi RS, 

It should be noticed that in this case resistances in the copper 
strips will make no error in the result. 

16. Graphic Bepresentation of Ohm's Iiaw. Suppose we 
have a linear conductor in which a current is flowing. Take a 
straight line AB as a base line, and let equal lengths along it 
represent parts of equal resistance along the given conductor. 
Let us erect ordinates A a, 
Bb &c. to represent the 
potentials at the corre- 
sponding points of the 
conductor. Then since 
with a given current the 
fall of potential between 
two points is proportional 
to the resistance between those two points, the locus determined 
by the ends of these ordinates is a straight line inclined to AB, 
And if we take distances along AB \.o represent resistances, 
according to any scale, in ohms, and the lengths of the ordi- 
nates to represent potentials, or potential-differences, according 
to the same scale, in volts, the current flowing in the given 
conductor will be represented in amperes by the tangent of the 
angle between AB and ab, 

17. If a sudden variation of potential occurs at any point 
of the conductor, this will be represented by a part of the line 
ab being displaced parallel to itself, by a distance, measured 
vertically, which represents the number of volts in the given 




^3A 



Measurement of Resistance, 



[Part III. 




a: 



potential-difference. In such a diagram, since the same current 
passes through the various parts of the conductor, the various 
parts of ah will be inclined at the same angle to the base line. 

Suppose we have a closed electric circuit containing a battery, 
so that a current is flowing in the circuit. We may, for short- 
ness, consider the battery to cause a sudden variation of the 
potential at one point of the circuit, this being equal to the 

E. M. F. of the battery. Take 
A A to represent the resistance 
of the whole circuit, so that A 
and A' denote the same point, 
and the ordinates Aa^ A' a' are 
equal. Let B be the point at 
which the change of potential 
due to the battery is supposed to occur. Let hh' denote this change 
of potential. The variations of potential round the circuit will be 
represented as in the figure, in which the first and last points of 
the line of potentials ah Va' must always be on the same hori- 
zontal level. 

18. If all the changes of potential that occur throughout 
a given battery at all the junctions of metals and liquids or 
dissimilar metals or dissimilar liquids are known, we may re- 
present them on the diagram. Suppose for instance we have 
a closed circuit containing a single Volta's cell composed of an 
amalgamated zinc plate and a copper plate in dilute sulphuric 
acid, the poles of the battery being joined by a copper wire. 
Now the real variations of potential between surfaces in contact 
in such a circuit are not well known. Measures have been 
made by electrostatic methods, but it has been shown that 
the gas in which the substances are contained has great effect 
on the result obtained; in fact zinc, with regard to copper, 
appears to have in air a positive potential, and in hydrogen 
sulphide a negative potential. It is very probable that what 
is measured in this case is the P. D. between layers of some 
chemical compounds formed by the action of the gas in which 
they are, on the surfaces of the two substances in contact. 
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We shall see later on what conclusions may be drawn from 
thermoelectricity, with regard to the P. D. of metals in 
contact 

As an illustration of the use of the diagram, let us take 
as the P. D.s between the substances in contact in the Volta's 
cell those that are obtained by electrostatic methods by making 
the measures in air. 

At the junction of the copper wire and zinc plate, there is a 
sudden rise of potential, from the copper to the zinc. The 
potential suddenly falls in passing from the zinc plate to the 
liquid, and rises by about an equal amount in passing from the 
liquid to the copper 
plate. So that the 
variations of potential 
will be represented as 
in the figure, A and A' 
denoting some point of 
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the copper wire, B the A B 

junction of the copper wire and zinc plate, C that of the zinc 

plate and the liquid, and D that of the liquid and the copper 

plate. 

19. Mea43iirQ of very great Besistance by means of 
Electrometer and Ck>ndenBer. Let R be the value of the 
resistance to be measured. Let the terminals of the given 
resistance be connected to the conductors of a charged condenser, 
of capacity C, and let these at the same time be connected to 
the electrodes of an electrometer. Let Q be the charge of the 
condenser, and E the P. D. of its surfaces. Then if / is the 
current flowing through the given resistance, 

dQ 



Thus 



= -c^f, 



df 



Q — Qoe CRi 
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where Q^ is the charge when / = o. 

.-. E =1 U^e cRi 

where E^ is the initial P. D. of the condenser surfaces. 

Or taking the electrometer readings ^^ , ^ to be proportional 
to the P. D.s, we get 

log^o-log^ = ^' 



C(iog^,-log^) 

As the condenser itself cannot be considered a perfect insu- 
lator, two experiments must be made ; the first to determine the 
condenser resistance R^^ the second to determine the entire 
resistance R^ when the surfaces are connected to the ends of 
the given conductor. Then the resistance R of the conductor 

is given by 

I __ I I 

R R^ R^ 
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1. It is found that whenever an electric current is passed 
through a liquid which is a chemical compound, the liquid is de- 
composed. This decomposition is called electrolysis^ and the 
liquid which is decomposed is called an electrolyte. Let us con- 
sider, as an example, the electrolytic decomposition of water. To 
make water a conductor we must mix with it a Httle sulphuric acid. 
Let the current then be led into and out of the liquid by two 
platinum plates, which are called electrodes. The water will be de- 
composed into its component gases, hydrogen and oxygen ; and 
if two closed inverted tubes, previously filled with water, are placed 
over the electrodes, the gases may be collected in them. The 
hydrogen will come off from the electrode by which the current 
leaves the liquid, which is called the kathode, and the oxygen from 
the electrode by which the current enters the liquid, which is 
called the anode. It is found that the quantity of water that is 
decomposed, or the quantity of hydrogen or oxygen that is 
given off, is exactly proportional to the quantity of electricity 
that passes, that is, if the current is uniform, to the product 
of the strength of the current and the time for which it 
passes. 

2. Hypothesis of Grothiiss. This liberation of the compo- 
nents of the water is explained by the following hypothesis. The 
elements in the molecule of water (HgO), and in that of any 
other compound liquid, are supposed not to be inseparably 
united to each other, but to be constantly becoming dissociated 
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and joining up with other atoms of oxygen and hydrogen. 
When no current passes the recombinations just make up for 
the dissociations, and the state remains unchanged; but the 
electric current gives a definite direction to the movements 
of the atoms, and they come off uncombined at the elec- 
trodes. 

In the same way if we decompose any compound liquid, or 
solution of a compound, by electrolysis, the component parts, 
called ions^ will go to the electrodes, and, except when secondary 
chemical actions occur, may be collected there. The quantity 
of the compound that is decomposed is always exactly propor- 
tional to the quantity of electricity that has passed. The metal 
or base of the compound always goes with the current, and 
appears at the kathode of the electrolytic cell or vessel in which 
the decomposition is taking place. 

3. Faraday, who has carefully investigated the conditions of 
electrolysis, has given the two following Laws. 

IjA'W I. The quantity of an eleotrolyte decomposed per 
second by a current is directly proportional to the current 
etrengfth. 

This law suggests that the way in which electricity passes 
through an electrolyte is this : that each atom of the component 
part of the electrolyte that goes towards the kathode, carries 
with it a definite quantity of positive electricity, and each atom 
that goes towards the anode, carries with it a definite quantity 
of negative electricity. It also shows that electricity can pass 
through an electrolyte in one way only, namely by electrolysis, 
and that an electroljrte never conducts electricity in the same 
way as an ordinary metallic conductor. There is a marked 
difference in the effect of change of temperature on the re- 
sistance in the two cases, a rise of temperature increasing the 
resistance of a metallic conductor, but diminishing that of an 
electrolyte. 

The second law relates to the proportions in which different 
electrolytes are decomposed by the same quantities of electricity. 
It is this ; 
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LA'W n. If the same quantity of electricity is passed 
through several electrolytes, the quantities by weight of the 
various components liberated are proportional to their 
chemical equivalents. 

The weight of an atom is supposed to be proportional to the 
chemical equivalent (or a chemical equivalent, if the substance 
has different valencies) of the substance. Thus the number of 
atoms of each ion will be the same, if the valencies are the same, 
that is if the same number of atoms of each ion can replace each 
other in combinations. This shows that for this case a certain 
definite quantity of electricity liberates, or passes with, an atom 
of each ion, whatever the ion may be. 

Now suppose we have two electrolytes in which there are two 
bases of different ions of different valencies. Suppose we have 
a silver and a copper salt, the silver being monovalent, and the 
copper divalent, that is forming a cupric salt. The quantities by 
weight of silver and copper liberated by the same quantity of 
electricity are proportional to their chemical equivalents, that is 
to their atomic weights divided by their valencies, or are in 
the ratio 108 : 63 -i- 2, or 108 X 2 : 63. But the atoms having 
weights in the ratio 108 : 63, we must suppose that the same 
quantity of electricity which liberates two atoms of silver, libe- 
rates one atom of copper. 

Def.: the bIiEotbo-chbmioaIi equivaiiBnt of a 

substance is the mass of it in grammes deposited per second 
by an ampere. 

Thus electro-chemical equivalents are proportional to chemical 
equivalents. 

4. Back E. M. F. of polarization. It is found that if a 
current is passed through an electrolytic cell such as that in 
which water is decomposed by means of platinum electrodes, the 
current starts at a maximum value which immediately falls off. 
This is found to be due, not so much to an increase of resist- 
ance in the electrolytic cell, as to an E. M. F. generated in it 
which tends to send a current in the opposite direction. If the 
battery is taken off and the wires from the cell joined up, a 
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current will be found to pass in the opposite direction. This 
E. M. F. generated in the electrolytic cell is called the back 
E. M. F. of polarization, and for every cell there is a certain 
maximum value to which it can rise. It may happen that this 
maximum value is greater than that of the battery used for the 
decomposition. Suppose, for instance, we attempt to decom- 
pose water with a single Daniell cell. A current passes for a 
very short time, but the electrodes soon become covered with 
the gases, and are then said to be polarized. The back E. M. F. 
has become equal to the E. M. F. of the Daniell cell and the 
current stops. But if two Daniell cells in series are used, the 
E. M. F. of polarization can never become equal to the E. M. F. 
of the two, and the decomposition will go on. 

As soon as the current begins to pass, a fall of potential 
from the anode to the kathode of the battery takes place, in 
addition to that due to the passage of the current through the 
resistance of the cell; and if this fall becomes equal to the 
E, M. F. of the battery, the current stops. 

The variations of potential throughout the circuit may be 
represented graphically as in the figures. 



A B 
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Figures i and 2 represent the potentials before polarization, 
and figures 3 and 4 after polarization. Figures i and 3 refer 
to open circuit, and figures 2 and 4 to closed circuit. A and A' 
represent points which are joined on closed circuit, and there- 
fore in figures 2 and 4 they are on the same horizontal level. 
The rise of potential due to the E. M. F. of the battery is repre- 
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sented as a single variation at B^ BF denoting this E. M. F, 
The variations of potential between the electrodes and the liquid 
are represented at C and D, The E. M. F. of polarization is 
denoted by the line EG in figures 3 and 4. The falling off of 
the current is shown by the difference of the slopes of the 
sloping lines in figures 2 and 4, the slope in 4 being less than 
in 2. 

If we perform a decomposition, such as that of copper sul- 
phate with pure copper plates, so that on the whole the chemical 
composition of the substances in the cell is not altered, then 
there is no E. M. F. of polarization. In this case copper is 
deposited on the kathode, and an equal quantity of copper 
is dissolved off the anode, keeping the constitution of the 
liquid constant. 

6. Let us consider a portion of a circuit of resistance R, 
including an electrolytic cell of E. M. F. E^ and in which a 
current / is passing. The entire fall of potential along this 
portion of the circuit is i?/+ E, Therefore the energy ex- 
pended per second is jRP+ EI. The portion BP is spent in 
heating the circuit, and may be considered as lost ; the portion 
EI is spent in producing chemical decomposition, and we shall 
see that it may be obtained again in the form of electrical energy. 
By diminishing the value of /we may make the term BP as 
small as we please in comparison with EI, so that we may get 
practically the whole of the energy expended in producing 
decomposition and none of it wasted in heat. The energy 
expended in producing the decomposition is stored up in the 
uncombined substances as chemical potential energy, to be given 
out by them again, in some form, when they recombine. 
And the energy spent in separating the substances and 
that which they produce on recombining are always exactly 
equivalent. 

e. Suppose Q coulombs of electricity to pass through the cell, 
dissociating an ion of electro-chemical equivalent z. The mass 
of the ion dissociated will be zQ granmies. Let ^ be the heat 
of combination, measured in calories, of one gramme pf the ion 
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with that from which it has been dissociated : J the mechanical 
equivalent of heat, 4-2. Thus the heat of combination of 
z Q grammes, measured in joules, is z QJH. And if jF is the 
E. M. F. of the cell, the work done, in joules, to produce the 
dissociation is Q E, 

Thus QE^zQJH; 
.-. E^zJH, 

This enables us to calculate the E. M. F. of polarization in 
any electroljrtic decomposition. 

It is from the same source, namely, chemical combination, 
that the energy of any electrical battery is derived ; and if we 
know accurately the heats of combination of all the substances 
in the cell we can calculate its E. M. F. 

7. Suppose we have a circuit of resistance R in which is any 
number of battery cells and voltameters, or electrolj^c cells, 
that is vessels in which electrolysis is going on, and let the 
electro-chemical equivalents of the substances going into com- 
bination be oTi, ATj, &c. ; let their heats of combination be 
H^y H.^, &c. Let the electro-chemical-equivalents of the sub- 
stances coming out of combination be j/^, y^, &c. ; their heats 
of combination ^, ^, &c. Let /be the current passing. Then 
the energy expended per second i^ JH^x^l+JH^x^I-^- .... 
And the work done in producing chemical decompositions is 
JKy\-^'^JKy%^'^ .. . + i?7^ Thus we have the relation 

//2 (xH) =/i:2, {yh)+RIK 
Or Jl.{xH)^fS.{yh)^RL 

8. If the voltameters are such as produce a back E. M. F. by 
polarization, and we take them before any decomposition has 
taken place, and if the normal value of 2 (j^h) is greater than 
2 (xH), then ^(yh) will have a very small value at first, but 
will rapidly increase, and there will be a current to start with, 
which will soon disappear. 

Let us consider as an instance of the gradual rise of E. M. F. 
of polarization the decomposition of water with platinum elec- 
trodes. We know that the E. M. F. is due to the energy of the 
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chemical recombination of the gases, which energy we get 
stored up in the cell on account of the gases being in a state of 
separation. Now when the current has only just begun to pass, 
the electrodes having been put in clean and free from gas, the 
E. M. F, of polarization being smaller than its normal value, 
we must infer that the work done in separating unit mass of 
hydrogen at first from its combination with oxygen is less than 
that required after decomposition has gone on for some time. 
And in fact this is the case, for the gases do not at first come 
off so as to be in a complete state of separation, but condense 
on the electrodes, forming with them what are very analogous to 
chemical compounds. So that we would not at first get all the 
energy of recombination as the gases are already in a state of 
partial chemical combination. That is, we do not get the full 
E. M. F. of polarization. 

It may happen that, using a single Daniell cell to decompose 
water, a permanent current, but an extremely feeble one, is 
obtained. This is due to the gases on the electrodes being 
constantly difiused into the liquid, and ju^t sufficient current 
passes to keep the electrodes in their state of partial polar- 
ization. 

9. Secondary Actions. It often happens that the direct 
products of an electrolytic decomposition are not obtained at 
the electrodes, but that they act on other substances in presence 
of them and so give rise to other products at the electrodes. 
These actions are called Secondary Actions. If we decompose 
copper sulphate with platinum electrodes Cu SO4 is broken up 
into Cu and SO^. Copper is deposited on the kathode, and 
sulphion, SO4 , acting on water, gives off oxygen at the anode 
and forms sulphuric acid, which is found in the neighbourhood of 
the anode. 

10. Voltameter. A very convenient way of measuring the 
strength of a current is by means of the electrolytic liberation 
by it of some substance whose electro-chemical equivalent is 
known, and under circumstances in which secondary actions 
are avoided. An electrolytic cell used for this purpose is called 
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a voltameter. Voltameters in which the substance liberated is 
hydrogen or copper are frequently used, but Lord Rayleigh has 
found that the voltameter giving the most accurate results is 
that in which silver is deposited from a 15 per cent, solution of 
silver nitrate, the mass of silver deposited in one second by 
^n ampere being •001 118 gramme. 



CHAPTER VL 
Thermo-Electricity, 

1. Seebeck Effect. It was discovered by Seebeck that, in a 
circuit composed of two different metals, if the two junctions be 
kept at different temperatures a permanent current is main- 
tained in the circuit. 

2. Peltier Effect. The converse of this phenomenon was 
discovered by Peltier. If a current be passed round a circuit 
composed of two different metals there will be heating at one 
junction and cooling at the other. 

3. Let us consider these two effects in the same circuit. If 
a heating at junction A and a cooling at junction B produce 
a current in a certain direction, then if a current be passed in 
the same direction by means of a battery placed in the circuit, 
cooling will be produced at A and heating at B, So that a current 
passing in a compound circuit according to the Seebeck effect 
cools the hot junction and warms the cold one, and thus tends 
to stop itself. 

The metals showing these phenomena best are antimony and 
bismuth. If in an antimony-bismuth circuit, at ordinary tem- 
peratures, a current is passed, the junction at which the current 
passes from antimony to bismuth is heated and the other 
cooled. And conversely, if the junctions are kept at different 
temperatures a current will pass from bismuth to antimony 
across the hotter junction. 

In discussing these thermo-electric currents one must con- 
sider how the potential varies from point to point in a com- 
pound circuit. When two metals are placed in contact there is 

L 
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as a rule a sudden variation of potential in passing from one to 
the other across the junction, and this variation depends upon 
the temperature of the junction as well as upon the two metals. 
Again, if the various parts of a single metal are kept at various 
temperatures they will also, as a rule, be at various potentials. 
Thermo-electric currents may be due to either or both of these 
causes of variation of potential. 

4. The following laws with regard to compound circuits have 
been proved by experiment. 

I. LAW OP VOLTA. In a compound circuit, consisting 
of any number of different metals, all iK>int8 of which are 
at the same temperature, there is no current. 

This law shows that if there are variations of potential in 
passing from one metal to another these are always exactly 
compensated in passing back to the metal from which we 
started, whatever different metals we pass through, and in what- 
ever order, provided we keep all the junctions at the same 
temperature. 

II. LAW OF MAQiriTS. In a homogeneous circuit, how- 
ever, the temperature varies fix>m point to point, there is no 
current. 

This law shows that if the potential varies from point to 
point with the temperature, it always returns to the same value on 
passing along the circuit so as to come to a point at the same 
temperature as that from which we started. Thus, given the 
potential at a point of given temperature, the potential of any 
other point depends merely on its temperature and not on the 
manner in which the temperature has varied from the starting- 
point to it. 

From this law it follows that the 'E. M. F. in a compound 
circuit depends merely on the temperatures at the junctions, for 
the E. M. F. between the extremities of a homogeneous conductor 
depends only on the temperatures of the extremities. 

6. Suppose we have a circuit made of two metals A and By 
the junctions being kept at temperatures /j and Z^. Let us de- 
note the E. M. F. tending to drive a current from A\o B across 
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the junction at temperature i^ by the symbol JE^ {^^)i and use 
similar symbols for the E. M. F. of other compound circuits 
formed of two metals. Then we have the following relations, 
as results of experiment. 

If B is any temperature intermediate between t^ and /g, 

lf^{AS)=lf^{AB)^.lfl{AB). 

This is called the la^w of stroCESSiVE tempbba- 

TTJKBS. 

The symbol if^ {^^)i being considered constant, is some 
function of /j, and E^{AB) is plainly the same function of 
/j with the opposite sign. Thus if^ (^E) can be expressed 
in the form 

lf;i{AB) = F{t,)-F(t^. 

If C is any third metal, 

This is called the LA'W OF IITTEBMEDIATE METAIiS. 

This may be proved by showing that the E. M.F. of a circuit 
of two metals A and B with junctions at temperatures /^ and t^ 
is not altered by introducing a conductor of the metal C into 
either of the junctions and keeping it all at the temperature of 
the junction. Then we may suppose a point in the conductor 
C in the junction at temperature /g to be carried to temperature 
/j. By the law of Magnus this makes no difference in the 
E. M. F. of the circuit, and we have now the two E. M. F.s, 
E^l{AC) and if^^iCB), in the circuit. 

We see from this that a compound circuit will have the same 
E. M. F. whether its various parts are connected directly or 
soldered together, the introduction of the solder into a junction 
making no difference. 

These two laws are due to Becquerel. 

6. Phenomenon of Inversion. If we have a circuit formed 
of two metals, and keep one junction at a constant temperature 

L 2 
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and gradually raise the temperature of the other, the E. M. F. 
of the circuit will, as a rule, rise to a maximum value, then 
diminish to zero, and then become negative. The temperature 
at which the E. M. F. changes sign is called the temperature of 
inversion corresponding to the given temperature of the colder 
junction. 

It can be shown that differences of potential at the junctions 
alone are not sufficient to account for thermo-electric currents. 
For suppose in a circuit of two metals there is a rise of poten- 
tial H^ at the hotter junction and a fall H^ at the colder, 
reckoned in the direction in which the current goes, so that 
H^ must be greater than H^. At first the current tends to 
cool the hot junction and heat the cool one ; but by gradually 
increasing the temperature of the hot junction we pass the 
temperature of inversion, and a current passes in the opposite 
direction cooling the cold junction and heating the hot one. 
So that if we were sufficiently to get rid of loss of heat by 
radiation the current would keep itself up and tend to increase 
itself, transporting heat from the cold to the hot junction. This 
would be a violation of Carnot's principle. Thus the hypothesis 
of variations of potential at the junctions alone is untenable. 

7. We must suppose then, with Sir Wm. Thomson, that there 
are other variations of potential in the circuit, namely, variations 
along a homogeneous conductor whose parts are at different 
temperatures. Suppose we have a copper-iron circuit with its 
two junctions at temperatures t^ and /j, t^ being the greater, and 
both being at first below the temperature of inversion. Let us 
suppose that all points of the circuit are at temperature Z^, except 
those in the vicinity of the hotter junction. Let us represent 
in a figure the changes of potential on open circuit, that is, 
when a division is made somewhere in the iron. Let there be a 
sudden drop of potential H^ from iron to copper at the cold 
junction, and a sudden rise H^ at the hot one. There are 
besides variations of potential in both the copper and iron in 
the vicinity of the hot junction, which must be represented, as 
we shall see, as the figure is drawn, that is, there is a rise of 
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potential in the copper but a fall in the iron as we pass to points 
of higher temperature. 

Let us denote the rise in potential in copper and iron to- 
gether, due to the varia- 
tion of temperature by h, ^ 
Then the entire rise of 
potential at and in the 
vicinity of the hot junc- 
tion is ZTo+ii. And the 

E. M. F. of the circuit is 
H^-\-h — H^» 

Now as we raise the temperature of the hot junction H^^h 
increases to a maximum value, then diminishes, and when /, 
has passed through the value of the temperature of inversion 
corresponding to /j, Z^2+^—-^i becomes negative, that is the 

current changes in direc- ^ 

tion. We shall see that . J^ 

h is always positive, and j— ^ f 

it is only ^j that becomes ! 

negative. We must in j c I 

these cases represent the changes of potential as in the second 

figure. 

8. When a current is passing across a junction at which there 
is a fall of potential H^ for every unit of electricity (coulomb) that 
passes the junction electrical energy H is expended, and as this 
appears merely in the form of heat at the junction, a quantity of 
heat H^ measured in joules, is developed. This is, of course, 
in addition to the heat spent in overcoming the resistance of the 
circuit, and which is developed throughout the circuit. If now 
the direction of the current be reversed, for every unit of elec- 
tricity that crosses the junction, rising in potential by an amount 
ZT, electrical energy H is developed, and thus a quantity of heat 
H is lost at the junction. 

Now to consider the variations of potential in the other parts 
of the circuit, let the rise of potential in a given conductor in 
passing from a point at temperature / to one at an inde- 



150 Thermo'Electricity. [partiii. 

finitely near temperature /+^/ be <r^, where <r is a quantity 
depending on the nature of the conductor, and which may 
also be a function of /. For a unit of electricity passing 
from the point at temperature / to that at temperature /+ dt heat 
(rdt is absorbed ; and if it passes in the opposite direction, heat 
cdt is developed, besides that due to the resistance of the circuit. 

Thus in an unequally heated metal in which <r is posiuve, the 
passage of an electric current from places of low to places of 
high temperature should cause a cooling, and from places of 
high to places of low temperature, a heating. If o* is negative 
the opposite effects should be observed. And these effects are 
in addition to the ordinary heating effect in accordance with 
Joule's Law. 

0. Thomson Effect. Sir Wm. Thomson has made direct ex- 
periments to determine whether any such phenomena exist as 
those we have just alluded to. A bundle of iron wires was 

I [_-.,.,__j — I I 1 passed through two vessels of bpil- 

A ^ B ^ € ^^^ water Ay C, and a vessel of 
cold water B between A and C The temperatures at a and b 
were taken with the current passing in either direction along the 
wire. The temperature at a was observed to be greater when 
the current passed from C io A than when it passed from 
A io C ; and the temperature at B was less when the current 
passed from C io A, It follows that in iron a is negative: in 
copper it is positive. 

Experiments on several metals have been made by Le Roux, 
who has found that the heating effect is proportional to the 
current. He has also found that in lead alone of all metals the 
value of <T is practically zero. 

The quantity a- has been called by Thomson the specific heat 
of electricity for the given metal. 

10. Sir Wm. Thomson has expressed the E. M.F. in a 
thermo-electric circuit by means of a function which he calls the 
thermo-electric power of the two metals. 

Def. If a circuit is formed of two metals with the Junc- 
tions at indefinitely near temperatures, / and t-\-dtj and 
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dE is the £. M. F. of the eireuit, then Uie differential co- 



efficient 



dE 
dt 



is called the THSBMO-EIiECTBIC FOWISB of 



the two metals for the temperature /. 

Let us suppose two loci ^, ^ to be drawn to coordinate the 
thermo-electric powers of two metals A^ B with respect to a 
third one C, which we will suppose to be lead, with the tempera- 
tures; the temperatures being taken as abscissae, and the 
thermo-electric powers are ordinates. Then for any given 
temperature, the thermo-electric power of A and B can be found 
by taking the intercept of the ordinate between these two lines. 
For by the law of intermediate metals, we have 

E{AB) = E[AC) - E{BC). 
dE{AB) _ dEjAC) _ dE{BC) 
dt ^ dt dt ^ ' 




Thus at the temperature denoted by ON^, ^\Px and N^Q^ 
being the thermo-electric powers of A and B with respect to C, 
that of A with respect to B is denoted by P-^Q^ 

A is said to be thermo-electrically positive with respect to B 
at the temperature /, when one junction being at / and the other 
at /+^/, the current passes from A\.o B across the hotter junc- 
tion. The line A will fall above B in the diagram, for tempera- 
tures for which A is thermo-electrically positive with respect 
to B. 

11. Suppose we have a circuit formed of A and B with the 
junctions at temperatures /^ and /,, denoted by ON-^ and ON^. 
Let us denote by ^ (/) the thermo-electric power at temperature 
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/. Then by the law of successive temperatures if E is the 
E. M. F. of the circuit 



E-r^4>{t)dL 

Jit 



Thus E is represented by the area P^P^Q^Q^* 
If the hot junction is at a temperature denoted by ON^ the 
E. M. F. will be denoted by IQ^P^^-IQ^P^. Thus drawing the 
ordinate IM from the point / where the lines A and B intersect 
the temperature of the hot junction giving the maximum E. M.F, 
is that denoted by OM. 

It is found by experiment that the E. M. F. of a given circuit 
of two metals, 4 and /being the temperatures of the two junctions, 
and /„ some other temperature depending on the two metals, is 
given by the formula 

2 



^= *(/-/.)(/._ '4-') 



dE 
From this 'dt ^ ^ ^^^ "" ^^' 

Thus the maximum value of the E. M. F. is obtained by making 
/ = /^ ; which shows that the temperatiu*e 4 is that denoted by 
OM. 

Making /^ and / indefinitely near we see that the thermo- 
electric power at / is 

<!>(/) = ^(4-/), 

which shows that the lines drawn to represent the thermo-electric 
powers at various temperatures are straight lines. 

The thermo-electric power for temperature /« is zero. This 
temperature, /«, is called the neutral point for the two metals. 

12. It appears from the expression for E that the temperature 
of the cold |unction and the temperature of inversion are equally 
distant from the neutral point. 

Suppose we have a circuit formed of two metals A and B, 
with the junctions at temperatures t^ and 4, all temperatures 
being measured on the thermodynamic scale. Let H^, H^h^ 
the falls of potential in passing from ^ to ^ at these two junc- 
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tions respectively. Let <r, <r' be the specific heats of electricity 
in A and B, Then the quantity of heat absorbed in the circuit 
for the passage of unit quantity of electricity from ^ to ^ across 
the junction at temperature t^y neglecting that due to the 
resistance, is 

Jh 
which is equal to the E. M. F. E of the circuit. 

Now by indefinitely diminishing the current, the heat developed 
in accordance with Joule's law becomes indefinitely small as 
compared with that developed or absorbed on account of thermo- 
electric variations of potential. Thus when the current is re- 
versed there will be absorption of a quantity of heat equal to 
that developed in this case for each unit of electricity that 
passes. Thus the circuit acts like a perfectly reversible engine 
when the temperatures of the junctions are indefinitely near 
together. Therefore the algebraical sum of the quantity of 
heat absorbed at each point divided by the temperature of 
that point is zero. 

Thus --^ — r + / — r~ <^ = o- 

Or since /j and /, are indefinitely near together, 

d H </-<r 
dt t^ i 

H dH _, 

And the thermo-electric power ^ (/) at temperature / is 

dE dH , 

It follows from this, that if the junction of two metals is at 
their neutral point, at which their thermo-electric power is zero, 
there is no sudden variation of potential at the junction, and 
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DO absorption or development of heat there. Thiu in the case 
we have considered of a copper-iron circuity when Z^+A has 
its maximum value, H^ is ssero. 

13. Suppose we have a circuit of two metals with both junc- 
tions at first below the neutral point The passage of the 
current cools the hot junction and warms the cold one. Keep- 
ing the lower temperature constant and gradually raising the 
upper one, we have just seen that no thermal effect takes place 
at the hot junction when it is at the neutral point If we further 
increase its temperature, the« passage of the current now heats 
both junctions ; but when the temperature of inversion is passed 
the direction of the current is changed and it now cools both 
junctions. If we now raise the temperature of the cold junction 
above the neutral point, the passage of the current again cools 
the hot and warms the cold junction. 



CHAPTER VII. 

Electro-Magnetic Induction. 

1. If we have an electric circuit carrying a current i in a mag- 
netic field, and such that the quantity of magnetic induction 
passing through it in the positive direction due to the field is iV, 
we have seen that the mutual potential of the field and circuit 
is ^iN. 

Suppose the circuit to move from a position in which the 
quantity of induction enclosed by it is iVj to one in which the 
quantity is N^ : the work done on it by the field is the diminu- 
tion of potential, that is, it is i(N^^N^, Now the field always 
tends to move the circuit so as to do positive work upon it, so 
that it tends to move it so as to make it enclose the largest 
possible quantity of magnetic induction in the positive direction. 

2. Now suppose that the magnetic field in which the circuit is 
is due to another electric circuit : let us then have two electric 
circuits carrying currents i^ and i^ Let the quantity of induction 
through the first due to the second be iVj, and that through the 
second due to the first N^ . Then the mutual potential of the 

two circuits is equal to — ^'x^i °^ ^^ "-^a-^2* Thus these 
expressions are equal ; and so we see that when the currents are 
equal the quantity of induction through each circuit due to the 
other is the same. Let us denote the quantity of induction 
through either circuit due to unit current in the other by the 
symbol M. Now the magnetic intensity at any point due to 
a given current in the second circuit, and therefore also the 
quantity of induction through the first circuit due to a given 
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current in the second, is generally proportional to the current in 
the second, and therefore when this current is i^ the quantity of 
induction through the first circuit due to it is Mi^ Thus the 
mutual potential of the two circuits is —Miyi^. 

The quantity Mv& called tlie coefficient of mutual induction of 
the two circuits ; and we have for its definition : 

Def.: this COEFFICI1S9T OF MTTTUAIi HTDITCTION 
of two oircuits is the quantity of mafinietie induction passing 
through either of them per unit ciurent in the other. 

M is also the work which must be done on either circuit, 
against the action of unit current in each, to take it away from 
its given position to an infinite distance from the other. 

Or it is the work which would be done by either circuit on 
the other, in consequence of unit current in each, as the other 
moves from an infinite distance off up to its given position 
relatively to the first. 

8. M will depend on the form, size, and relative position of 
the two circuits ; and on the magnetic susceptibilities of neigh- 
bouring substances. And it should be noticed that M^ or the 
quantity of induction through either circuit per unit current in 
the other, will not be constant if we have substances in the 
field of variable magnetic susceptibility, as iron or steel. In 
such a case the value of M will vary with the currents used ; 
and it can only be regarded as constant for such currents as 
will produce very small magnetic intensity in the iron or steel. 

4. Suppose we know the value of M for two circuits having 
one turn each ; and now we give to the circuits n^ and «, turns, 
all the turns occupying practically the same position as the 
single turn of each circuit occupied before. This will produce 
the same effect as if we multiplied the currents in the two circuits 
by n^ and n^. Thus the coefficient of mutual potential is n^ n^ 
times what it is if each circuit has only one turn. 

6. Solenoid. A single circular circuit of area s and carry- 
ing a current i has a magnetic moment is. m such circuits 
placed at equal distances along a common axis have magnetic 
moment msi. Such an arrangement is an ideal solenoid. But 
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as it cannot be realized in practice, a practical solenoid is a 
spiral with its ends brought back so as to be parallel to its axis. 
Suppose we form such a spiral with m turns all lying on the 
surface of a cylinder of cross-section j, and let /* be the current 
carried. The magnetic moment of the arrangement is msi, 
being practically equivalent to that of an ideal solenoid. Each 
circular circuit acts like a shell of area s and strength /, and the 
solenoid may be considered as equivalent to a cylindrical magnet 
of the same size and position built of magnetic shells, or discs 
not necessarily very thin. If there are n turns per unit length, 
the thickness of each disc would be / = i/«. And if o- is the 
surface density of each shell tz=^(Tt=^ a-fn, .\ or = in. If the 
magnetic cylinder is built up of these discs wherever the surfaces 
of two cylinders with magnetic densities o- and — o- are in con- 
tact, these two densities neutralize eaph other and the solenoid 
is equivalent to a cylinder of the same size and position having 
surface densities on its ends equal to in and —in. 

This cylindrical magnet may be considered as equivalent to 
the solenoid with regard to its action at all points outside it. 

Let us consider the magnetic intensity at a point within the 
solenoid. 

First, let us suppose the solenoid to be of indefinite length. 
Let AB be the positive direction of the solenoid, and suppose a 
unit magnet pole to start from a point P at a practically infinite 
distance from either end, and move through unit length from P 
to Q parallel to the axis of the solenoid, and in the positive 
direction of the lines of force. 

The work done on the unit pole by the solenoid is the same 

as that which would be done by the 

pole on the solenoid if this moved 

through unit length in the direction 

BA, or the same as would be done by the pole on unit length 

of the solenoid which moved from B \.o A. Now in this motion 

the solid angle subtended at the pole by the positive face of 

each turn of the solenoid which has moved has diminished fi^om 

4 IT to o, Thus the work done on each turn is 4 %i^ And the 
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work done on the n turns in the unit length by the pole is 
4 *ttnt. This is also the work done on the pole by the solenoid 
in case the pole moves through unit length. And if the pole 
moved from P in any other direction than parallel to the axis 
it would have to move a greater distance for the performance of 
the same amount of work. Thus the magnetic intensity at any 
point P inside the solenoid and at a distance from its ends 
practically infinite compared with its diameter is 4Trni. 

6. Next, suppose that the solenoid AB cannot be considered 
of infinite length. If we continued it by means of two infinite 
solenoids added on at A and B of the same cross section, 
number of turns per unit length, and current as itself, the 
magnetic intensity at P would be 4 ir«/. But these would be 
equivalent in their action at P to two infinite cylindrical uniform 
magnets of the same cross section as the given solenoid and of 
magnetic moment nt per unit length. Thus their action at P is 
the same as that of two layers of magnetism at A and B coin- 
ciding with the ends of the solenoid, and of densities ni and —ni 
respectively. Thus in this case the magnetic intensity at P is 
4'3r«i + the intensity at P due to these two layers at the ends 
of the solenoid. 

7. Let the length of the solenoid be /, so that m =-- In, Sup- 
pose we place within a concentric cylindrical core of length I, 
the ends of the core and the coil being coincident. Let the 
magnetic susceptibility of the core be k ; its cross-section /. 
Let the length / be such that we may take the magnetic intensity 
throughout the space inside the coil to be 4'7i«/. The induced 
magnetization of the core is 4 ttniK, So that the core becomes 
a magnet of moment 4 -tt nituW. And the solenoid with its core 
has magnetic moment 

nils + j^TtntKl/ 
= mUs + 4'7rK/). 
Thus by the addition of the core the magnetic moment is 
changed in the ratio j : j + 4 -tt k /. 

Suppose a coil of r/ turns wound on upon the solenoid at a 
great distance from its ends. The induction through a turn of 
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this coil when there is no core is ^7tnsi\ and when there is a 
core it is 4 w«(jH-4'3rK/) I*. Thus the coefficients of mutual 
induction of the two coils in the two cases are 

4 Ti nn^Sy and 4 tt ««' (j + 4 -jt k ^'). 

8. Induced Currents. Faraday discovered that while a 
closed electric circuit is moving relatively to a magnetic system 
a current is in general set up in the circuit. This he called 
an induced current. 

With regard to the dii^ection of induced currents, the following 
law was given by Lenz : 

When a conductor is moving in a miagnetio field a current 
is induced in the conductor in such a direction as by its 
mechanical action to oppose the motion. 

It appears from Faraday's experiments that any increase or 
diminution of the quantity of induction through a closed circuit 
will produce an induced current in it. Thus a current is pro- 
duced in a coil, as a rule, by increasing or decreasing the 
current in a neighbouring coil. If we take a neighbouring coil 
and suddenly start a current in it its effect in inducing a current 
in the given coil is the same as if we suddenly brought it up to 
its position from an infinite distance oflF with its current in it. 
If we suddenly stop the current the effect is the same as if we 
suddenly carried the coil off to an infinite distance with its 
current in it. 

9. Suppose we have a closed electric circuit of resistance R, 
containing an E. M. F. E, and carrying a current /; and let the 
quantity of induction through it in the positive direction at any 
instant be N, Now if N is constant, we have the ordinary rela- 
tion E= RL But if N varies let us suppose that its rate of 

increase is— r-- Then /— r- is the rate of decrease of the po- 
dt dt 

tential of the circuit with regard to the field in which it is. Now 

E is by definition the work done per second per unit of current 

that passes in the circuit. So that in an element of time dt the 

electrical energy supplied by the source is Eldt. Now this 

work is spent partly in heating the circuit; in this way a 
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quantity of work is used up equal to Rl^di, The remainder of 
it is that part expended as mechanical work in the action between 

the circuit and the magnetic field ; this part is / --=- dt^ 

/ at 

dN 
Thus we have Eldt = RPdt^ I-—di, 

di 

Thus the effective E. M. F. in the circuit is no longer simply 
E^ but is altered by the variation of induction through it. We 
say then that there is an E. M. F. induced in the circuit, and the 

dN 

measure of it is -jr • Thus we have the rule 

at 

9 

The induced E. M. F. in a circuit is the rate of decrease 
of magnetic induction through the circuit. 

This is a general proposition, of which we shall make several 
applications, and it applies to all cases of induced E. M. F^. 
however the variation of induction through the circuit may 
be caused. 

10. Suppose, for example, we have two circuits with a co- 
eflficient of mutual induction M. Let / be the current in one of 
them : then if /' is varying the consequent induced E. M. F. in 

the other is ^M-r • If ^ is varying in consequence of relative 

motion of the two circuits, the consequent induced E. M. F. is 

dM . 
— /• 

dt 

Let A and B be two circuits with coefficient of mutual induc- 
tion My and let a steady current ij be maintained in A while the 
current in B rises from o to i^ Let R be the resistance of A. 
Then the E. M. F. in ^ is 

E^Ri,^M^-h. 

Thus the work done to keep the curreat i^ going in A while 
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/j is set up in B^ independently of that done in consequence of 
the resistance of A^ is 



/■ 



MiJ^^dt=Mi^t^. 



This is also the expression for the work that must be done to 
keep /'i going in A against the induction of -5, if t^ is kept steady in 
B while M increases from o to M] as, for instance, liB is brought 
up to position with its current t^ from an infinite distance oflf. 
The same amount of work must also be done in B in this case 
to keep 1*2 going against the inductive action of A. 

Suppose the product Mt\ to vary in any manner from the 
value {MQ^ to the value {Mt^ g and suppose at the same time 
t\ is kept steady in A. Then we have 

Thus the work done to keep i^ steady in A against the induc- 
tive action of ^ is 

11. If a given circuit is carrying a varying current it is pro- 
ducing a varying quantity of magnetic induction through itself. 
Thus there must be an induced E. M. F. in the circuit in conse- 
quence of the variation of the current that it carries. Now the 
quantity of induction through the circuit due to its current is 
generally proportional to its current. For unit current in the 
circuit let this quantity be Z. L is called the coefficient of set/- 
induction of the circuit : and we have for its definition, 

Def. : THE OOBFFIOIBMrT OF SBIiP-INDUCTION of a 
circuit is the quantity of induction passing throxigh it per 
unit current in it. 

L will depend on the form and size of the circuit, and on the 
magnetic susceptibilities of any neighbouring substances. Sup- 
pose we know the value of L for a circuit of a single turn, and 
have a circuit of n turns all occupying practically the same 
position as the single turn, then the value of L for this circuit 
will be obtained by multiplying that for a single turn by «*, for 
we have now produced the same effect as if we had made the 

M 
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current n times as great, so that we have made the induction n 
times as great, and at the same time we have n times as many 
turns for the induction to pass through. 

12. As in the case of the coefficient of mutual induction, it 
should be noticed that L will not be constant for a given circuit 
if some of the lines of induction due to a current carried by it pass 
through substances of variable susceptibility, as iron or steel. Z 
will then vary with the current used, and can only be regarded 
as constant for such currents as produce very small magnetic 
intensity in the iron or steel. 

13. Suppose a circuit with a coefficient of self-induction L to 
be carrying a varying current /. There is an induced E. M. F. 

in it equal to — Z— • 

Thus, if there is an E. M. F. in the circuit, and it has resist- 
ance R, we have 

The work expended in starting the current t in the circuit, 
independently of that spent in consequence of the resistance, is 



/ 



Lj^idt^lLt'. 



Also if the current / has been started in the circuit, the circuit 
then containing no E. M. F., the expression \ L t^ will represent 
the energy of the circuit. The circuit being now left to itself 
the current / will soon disappear, but we can show that the heat, 
produced in the circuit as the current falls off from t to o, is 
\Li'^. For during the decrease of the current, we have the 
relation 

i?i>Z^ = o. 
di 

Thus Ri^---Li%* 

dt 

Therefore if / is the time that the current takes to change 
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from the value i to o, the measure of the heat generated, in 
joules, is 

14. Suppose we suddenly close the circuit containing the 

E. M. F. E^ so as to start the current in it ; the current will rise 

uniformly from o to its maximum value. Let this be i^, so that 

i^ = EjB, We have if / is the value of the current at any 

instant, 

di 



E^Ri^L-- 


-Rf = L\oz^-f' 


= Zlog ^ 




Rt 



Thus the current rises to its final value t^ only after an infinite 
time ; but in a very short time after starting it is only imper- 
ceptibly different from 1'^. 

Now suppose the E. M. F. E removed, and the current to fall 



from Iq to zero. We have 

Rt 

' The current that passes after the E. M. F. has been suppressed 
is called the extra current of self-induction. 

M 2 



164 Electro-Magnetic Induction. [part in. 

Thus the current does not become zero till after an infinite 
time ; but in a very short time it is appreciably zero for most 
coils, for in most cases Z/i?, which is a quantity of the dimen- 
sions of a time, is very small. 

15. The coefficient of self-induction of a long solenoid of 

length / with n turns per unit length is the quantity of induction 

across a cross-section of the solenoid multiplied by In, the 

number of its turns. Thus if s is its cross-section, and it has 

no core, it is 

4 IT n^ls. 

If it has a core of cross-section /, and susceptibility k, the 
coefficient of self-induction is 

4'7r«^/(j + 4'7rK/). 

16. Energy of any number of circuits. Suppose we have 
any number of electric circuits having coefficients of self-induc- 
tion Zj, Z2, Z3, ... ; and coefficients of mutual induction 
-^12 > -^18 > -^28 > •••> so that any two of these such as iH/pg, M^^ 
are equal. Let us find the work that must be spent to start 
currents ij, /j, /g, ... in these circuits, neglecting their resistances. 
Let E^y Z'j, Zg, ... be the values of the E. M. F.s acting in the 
circuits at any instant to start the currents. 

We have the equations 

E -M i^+Z ^ + 

And the energy is 

T=J{E,t,+E,i,+ ..,)dt, 

the limits of integration being taken from the time of starting to 
the time when the currents have risen to their full value. 
Now the part of T' involving Zj is 



/ 



A'i§«^/=iA«;*. 
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The part involving M^^ is 



!■ 



dt • " di 

And we get similar values for all such terms* 
Thus we have 

+ M^^i^i^'\' M^t^i^'\' .... 

This quantity is called by Maxwell the electro-kinetic energy 
of the system. 

17. If we suppose the circuits to have any resistances 
i?i, i?2, ... ; and if the system be left to itself after having the 
currents z^, ij, ... started in it, that is if the E. M. F.s in the cir- 
cuits be suppressed, the heat developed in the circuits before they 
cease will be T, 

For we have the equations 



dt " dt 



And the heat developed is 

\R^i,^+R^ii+...)dt, 



f< 



the limits of integration being taken from the time when the 
currents have the values i^, ij, ... to the time when they cease. 
Thus we get the same value for the integral as before, or T. 

18. If we suppose the circuits to have no resistances, and 
allow any motions to take place among them after the currents 
have been started and the E. M. F.s removed, the work done 
among them by their mechanical actions on each other will be 
equal to the diminution of the electrokinetic energy. 

Now let us suppose that during any motions of the circuits, 
the currents in them are kept constant by means of E. M. F.s 
included in them. 

These motions will cause variations in the Ms, and if we sup- 
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pose the forms as well as the positions of the circuits to be 
changed, in the Zs too. Let us denote the increments by 
dZj, hM^y .... The consequent increment in T'is 

'\'hM^t\t^'\-hM^i^t\'{- .... 

Now if the increments of magnetic induction through the 
circuits are hN^^ JiV^, ...the entire energy supplied by the 
E. M. F.s is 

= i;(5Zi/;+6j^ui;+ ... ), 

+ 

= 5Z,z;»+8Zat;»+2 6iifi,v;+ ..., 

= 26r. 

Thus if while the currents are kept constant, mechanical work 
W is done among the circuits, at the same time the electro- 
kinetic energy is increased by FT, and the energy supplied by the 
E. M. F.S is 2 W. 

If the motions are infinitesimal, the electro-magnetic forces 
will be the same whether the currents are kept constant or the 
E. M. F.s removed, so that the mechanical work done will be the 
same. Thus the increment of electrokinetic energy in one case 
is equal to the decrement in the other case. 

19. To find the total quantity of electricity Q that passes 
round a circuit of resistance R by induction, let N^ and N^ be 
the initial and final values of the induction through the circuit; 
then 

Q = ftdt, 



=/: 



dti 
R 



~ R 



R dt 
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Thus if the circuit has coefficient of self-induction L and the 
E. M. F. is suddenly suppressed when the current in the circuit 
is t, the quantity of electricity that passes after this is 

iL 

^— • 

R 

If the current in a neighbouring circuit, which has with the 
given circuit coefficient of mutual induction My is changed in 
value from t^ to /g, the quantity of electricity which passes round 
the given circuit is 

R 

20. Induotion in a Coil produced by Rotation. 

Suppose we have a coil of n turns, all in one plane, and 
quite close together ; let S be the area enclosed by one turn. 
Let the coil be in a magnetic field of strength Hy and be rotated 
about an axis in its plane, which is perpendicular to the lines of 
force of this field, with a uniform angular velocity co. Let us 
consider the E. M. F. induced in the coil at any instant by this 
motion. 

Let be the angle which the plane of the coil makes at any 
instant with the position in which it is at right angles to the lines 
of force of the field. The quantity of magnetic induction 
enclosed by all the turns of the coil is n SI/ cos 0, 

The induced E. M.F. will be the rate of decrease of this 
quantity; that is, it is nS Ho) sin 0, 

Thus there is an alternating E. M. F. induced in the coil, 
which changes sign at the end of every half-turn. 

If the coil is closed we will thus get a series of alternating 
currents through it. 

Let us suppose that the coil is closed by means of a wire, to 
the ends of which its ends are connected by means of sliding 
contacts, so as to remain always in contact with them during 
the rotation of the coil. Let R be the entire resistance, and Z 
the co-efficient of self-induction of the circuit so formed. 

The equation for the current is, (putting ^ = w/). 



L 
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dl 
nSHoa sin oat = J^I+L -3- . 

Of 

L 

Multiplying by i — , and integrating, we get 
= — nSHoaJ e sina)/.<//, 

Rt 

e (-=- sin oat— a> cos (o/j 
= nSHisn ^5 + C 

•*^ • ^ ^ Rt 

Thus /= nSHdi . =5 + Ce . 

The last term, which diminishes as / increases, will have no 

appreciable effect on the value of / after a few turns, and may 

be neglected. 

_,, r ox^ i?sina)/— Zcocoso)/ 
Thus /= nSHdi = — =^-^ • 

Put Lin JR = tan <^, and we have 

_ _ n SHiii sin (^ — <f)) 

Thus the strength of the current follows the same law as the 
E. M. F., but is not proportional to the E. M. F. 

The effect of the self-induction of the circuit on the value of 
the current may be stated as follows. 

The same current would be obtained as in the actual case, 
at every instant, if there were no self-induction, and 

(i) the resistance of the circuit were made ^R^-\- Z^co^, 
(3) the coil were retarded in its rotation so as to be at the 
constant angle <^ behind its position in the actual case. 

In the same way we may suppose the coil to be acted upon 
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by a sinusoidal E. M. F., induced in any manner, of period 7. 
The E. M. F. at time / may be given by the formula 

And putting tan^ = 2TrL/RI we have for the current at 
any instant 



/ = 






The expression in the denominator of this fraction is called 
the imi)edance of the circuit. , 

21. If an E. M. F., e, which is periodic but not necessarily sinu- 
soidal, acts on a circuit, the impedance of the circuit is to be 
defined as follows. Let T be the period of the E. M. F., and 
therefore also of the current when the steady state has been 

T X 

attained. Take the integrals / ^dt, and I Pdt over any 

whole period. The results are obviously independent of the 
limits of integration provided they differ, in each case, by T. 
The quantities 



a/ 2^ I ^^^ and A / 



'0 ^ ^0 

are called the effective E. M. F. and effective current, respec- 
tively. 

The impedance is the quantity obtained by dividing the 
effective E. M. F. by the effective current, or it is 



T 

e'dt 



/ ''1 

J A 



In the case of a sinusoidal current, from the values given 
above for E and /, the value we should obtain for the impedance 
by this definition is obviously that already given. 
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V 



j^^A^Ly 



7* 
22. Diaoharge Current. Suppose a conductor of capacity C 
is charg;ed, and then connected to earth by means of a wire of 
resistance R and coe£Scient of self-induction L. Let Q be the 
charge, and E the potential of the conductor at any instant ; 
/ the current through the wire. 

Then Q = EC, 

E^RI^LiL, 

fQ RdQ I _ 

Let Wj, «jj be the roots of 1 

5 R I 

(i) Let Wj, OTj be real. 
Then we have 

and .-. /= --A^m^e^^* ^A^m^e^\ 

with the conditions 

i^j+^^g = Q^^ initial charge on conductor; 
and A^m^'\-A^in^ = o; since initial current is zero. 
(2) Let niyi m^ be imaginary, and equal to a+ V^\ P, say. 
Then we have 

<3 = ^,^*'sin(^/+^3), 

/=^i^"'{asin(/3/+^2)+i9cos(i3/+^a)}, 
with the conditions 

-4iSin-4j = Oo. 
a sin A^ + p cos A^ = o. 
We may put 

1= A^(a cos A^—P sin A^ t sin /3/. 
Thus we see that the character of the discharge will depend 
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on the nature of the roots m^^m^. It will be OBoillatory or 
not according as these roots are imaginary or real; that is, 
according as 

or according as 

< 4 

The electric oscillations in an oscillatory discharge are ex- 
tremely rapid, and it is uncertain whether the same equation of 
current may be used in this case as is true in the case of a 
current whose variations only take place with moderate rapidity. 
We do n^t know, for instance, whether we are right in sup- 
posing the current to be the same throughout the conducting 
wire. The results arrived at by this method, then, must only 
be considered as first approximations. 

23. When a variable current whose value at a given instant is 
/ is flowing through a conductor, whose resistance and coeffi- 
cient of self-induction are R and Z, we have the ordinary equa- 
tion for the P. D. at the terminals of the conductor 

at 

Now if the current is made a very rapidly alternating one, and 
we express the P. D. at the terminals of the conductor as the 
sum of two termsa s follows, 

it is found that R^ is greater than R, the resistance as defined 
with reference to steady currents, and Z' is less than Z. 

The general explanation of this may be given in the following 
way. Equation (i) is found on the supposition that the varia- 
tions in the current take place in such a manner that we may 
suppose that at any instant it is uniformly distributed across the 
whole of any given section of the conductor. But when a 
current is very rapidly started or stopped in the conductor, the 
several filaments of which we may suppose the conductor to be 
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formed, by acting inductively on each other, cause the elements 
of current to be formed as far away from each other as possible. 
Thus the currents are established chiefly in the outer parts of 
the conductor, and things take place practically in the same way 
as if an inner core were removed, and thus the electrical resist- 
ance increased. Also if this core were removed we would now 
have a conductor whose several filaments are on the whole more 
separated from each other, and which would therefore have a 
smaller coefficient of self-induction. 

As an example of the effect produced, we may notice the 
following case. In a soft iron wire of length i6o cms. and 
diameter y^ mm. with an alternating current of complete period 
1/1050 sec. the mean value oi Bf was i'84 R, 

24. To find the mutual potential of two closed electric circuits 
carrying currents i and f. 

Let us denote the two circuits by the letters s and /. Then 
the required mutual potential is the product of f and the quan- 
tity of magnetic induction due to s passing through / in the 
positive direction, with its sign changed. 

Let AB denote an element ds of s. And let a series of 

indefinitely near planes be drawn at 
right angles to AB^ the distance 
between two consecutive planes being 
/. And let these two cut off elements 
ds\^ ds\ from /; these elements being 
at distances Tj and r^ from ds ; and 
r^ and r^ making angles 0^ and 6^ with 
positive direction of ds. Let the posi- 
tive directions of ds, ds\ in the figure 
be to the right, and of ds\ to the left. 
Now let us consider the quantity of magnetic induction due 
to ds enclosed between ds\y ds\ and the two planes. The lines 
of force due to ds are circles about ds as axis. So that if r^ and 
///j are turned about ds as an axis till r^ comes into the plane of 
Tj and ds, ds\ will during the motion cut no lines of force, and the 
quantity of magnetic induction required is that now enclosed 




A^B 
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between d/^y ds\ and the two planes. But the lines of force all 
cutting the present plane of r^ and r^ at right angles, this will be the 
quantity of induction passing across the portion CDFE of this 
plane enclosed between the two planes CE^DF and two straight 
lines CDyEF dX right angles to them at the extremities of r^ 
and Tg . 

Now the magnetic intensity at an element of this area at a 
distance r from ds^ and such that r makes an angle d with ds^ is 

sind 



ids 



r^ 



And the area of this element is 

dr 



./. 



sin^ 
Thus the quantity of induction across CDFE due to ds is 



Jri r^ ^^1 W 



Now if the positive directions of ds\ and ds\ make angles Cj 
and €3 with that of ds we have / = ds\ cos f^ = — ds\ cos €j. 
Thus the above expression is 



. J /ds\ cos €1 ds^^ cos € X 

t uS I -f- -^ 1 1 

\ r. r_ / 



^1 r^ 



And considering all such elements as dsf^ and dsf^ the entire 
quantity of magnetic induction due to ds enclosed by / in the 
positive direction is 



ids j <//' 



And the entire quantity of magnetic induction, or number of 
lines of force, due to s enclosed by / in the positive direction is 



. rrcos 



- ds d/. 



Thus the mutual potential of the two circuits is 

€ 



-'■■IB 



-dsds^. 



Therefore the coefficient of mutual induction of two circuits is 
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//^ 



dsd/. 



This expression is also called the mutual potential of the two 
circuits. 

The same double integral taken round one circuit is the co- 
eflficient of self-induction of the circuit. 

26. Suppose we have an indefinitely extended linear conductor 
carrying a current i. To find the magnetic intensity it pro- 
duces at a point distant r from it. 

From the given point P draw PM perpendicular to the 
conductor. Take a point R on the conductor, 
such that MR = x. Then the intensity at P 
jfi due to an element dx at R is at right angles to 

the plane PRM, and 

idx^mPRM 



Bf 



irdx 



Thus the intensity at P due to the entire cur- 
rent is 



I 



irdx 



Or, putting jr = r tan ^, we get 



a 



H: 



cos(9flr^ = — • 

r 



Again, the intensity at P may be found as follows. We may 
suppose the circuit of the indefinitely extended straight con- 
ductor to be completed by a conductor all of which is infinitely 
distant from P, For the action of an element of this conductor 
on a pole at P is inversely proportional to the square of its dis- 
tance from P, while the length of the conductor is proportional 
to its distance from P, Thus the action of this infinite conductor 
on a pole at P may be neglected. And the action of the 
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entire infinite circuit formed is the same at P as that of the 
straight conductor alone. Now let us suppose that the whole of 
the completed circuit is in a plane with P. Then the motion of 
a magnet pole at P either parallel or at right angles to the 
given conductor will produce no variation of the angle subtended 
at it by the contour of the circuit, and therefore no work will 
be done on it. Thus the intensity at P is at right angles to the 
plane containing P and the given conductor. Let the intensity 
be /. Then if a pole of strength m moves in a circle round 
the given conductor keeping at a distance r from it, so that the 
intensity at it is always /, and in the direction of its motion, the 
work done on it is 2 ?r r 7, and also 4 it u 

r 



CHAPTER VIII. 
Galvanometers. 

1. We have already noticed a few of the commonest forms of 
galvanometers and their chief uses, we shall now go on to con- 
sider them more in detail. 

Sine Galvanometer, Suppose we have a galvanometer of any 

form with a needle of any size ; and suppose we can rotate its 

coils about a vertical axis and have some means of measuring 

the angle through which they have been rotated from the 

magnetic meridian. Let M be the magnetic moment of the 

needle, and G the moment of the forces with which unit current 

in the coils acts on the needle when both coils and needle are 

in the same vertical plane. Let H be the horizontal component 

of the earth's magnetic intensity. Suppose a current C to be 

passed in the coils causing a deflexion of the needle. Now 

turn the coils so as to follow up the needle, and when they are 

both again in the same vertical plane let B be the angle through 

which they have been turned. The needle is in equilibrium 

under the action of the two couples whose moments are CG 

and Mil sin 6. 

. Mil 

2. The ordinary method of observing the deflexion of the 
needle of a sensitive galvanometer is as follows. ' To the needle 
is attached a small plane mirror. A divided scale is placed 
horizontally at some distance from the galvanometer. . A beam 
of light is made to pass through a slit, just under the scale, in 
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which is a vertical wire, and to fall on the mirror after passing 
at right angles to the scale. A lens is placed between the slit 
and the mirror so as to form an image of the wire on the scale 
after reflexion of the light at the mirror. Sometimes the mirror is 
made concave, so that a lens is unnecessary; then the wire 
is placed at the centre of the mirror. When the needle is in its 
position of equilibrium, there being no current in the galvano- 
meter, the image of the wire is formed just over the wire itself, 
that isj at the foot of the perpendicular from the mirror on the 
scale. Very frequently, in using this instrument, the thing to 
be observed is simply whether there is a current or not ; but if 
we wish to determine the deflexion of the needle, let / be the 
distance of the scale from the needle, d the distance from the 
zero reading at which the image of the wire is formed. Let 
6 be the deflexion of the needle ; then the deflexion of the re- 
flected ray is 2 6. Then tan 2 ^ = <///. From this 6 can be 
determined. 

To increase the sensitiveness of a sensitive galvanometer it 
frequently has attached to it a magnet, called a compensating 
magnet, which can be adjusted so as to diminish the action of 
the earth's magnetism on the needle, and to allow a larger de- 
flexion to be obtained for a given current. 

8. Winding of sensitiTe galvanometer. In winding a 
sensitive galvanometer we wish to arrange so that the turns 
may produce the greatest possible magnetic eflect on the needle. 
We should then get the wire as close as possible to the needle. 
Now a certain amount of space must be left for the needle 
to swing freely in, which must not be occupied by the wire: 
let us consider what is the best possible winding for the wire 
outside this space. Suppose the windings to be all circles 
about the horizontal magnetic axis of the needle in its position 
of equilibrium, as a common axis. Consider a length / of 
the wire wound in a circle of radius rsin^ with its centre 
at a distance rcos^ from the centre of the needle. Let / 
be the current flowing in this wire. Then the magnetic 
intensity produced by the portion of wire we are considering 

N 



178 Galvanometers. [paut in. 

resolved horizontally and at right angles to the axis of the 
needle is 

If then the length / is wound anywhere on the boundary of a 
surface of revolution for which sin 6J/r* is constant, it will, when 
carrying a given current, produce a constant effect on the 
needle. If wound outside this surface its effect will be diminished. 
The wire which is wound on the galvanometer should then, to 
produQe the. greatest possible effect, just fill up the volume in- 
cluded between the space left for the needle and the surface 
r* = <2" sin By where a is some constant. 

4. Ballistic Qalvanometer. This is an instrument in which 
the needle is made to have a considerable moment of inertia ; it 
is sometimes made of a magnetized sphere of steel. It is used 
when we wish to read, not the steady deflexion of the needle, 
but the extent of the swing produced in it by a transitory current. 
With a needle having a large moment of inertia the entire transi- 
tory current may be assumed to have passed before the needle 
has moved sensibly from its position of equilibrium, and as it 
moves slowly the extent of the swing will be easier to read than 
that of a light, quickly-swinging needle. 

Let M be the magnetic moment of the magnet, A its moment 
of inertia, H the horizontal component of the earth's magnetic 
intensity, G the constant of the galvanometer. Suppose a 
transitory current passed through the galvanometer, Q being the 
entire quantity of electricity that passes, and let a be the swing 
of the needle. If i is the current at any instant, we have 



Q 



-h 



Let o) be the angular velocity with which the needle starts. 
The angular momentum communicated to it is 



/ 



MGidt-MGQ. 
^ 0) = MG Q. 



•< 
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Thus the kinetic energy with which the needle starts is 

JkPG^(? 



J^a)« = 



2A 



And the work done against the magnetic forces before the 
needle comes to rest is 



/ 



MHsR6de=MH{\-co&a) = 2MHs\xi*-% 



3 

2 A 2 ' 

Now if the needle is set to make small oscillations under the 
action of the earth's field alone, its equation of motion is 



so that the time of a complete oscillation is 

^ If T .a ff T 

G TF 2 G 2V 

when the deflexion is small. 

5. Damping of OalTanometer. In some galvanometers^ in 
order to bring the needle to rest more quickly, a resistance is 
offered to its motion; so that its oscillations rapidly become 
smaller and smaller, and the needle soon settles down at its posi- 
tion of equilibrium. Such a galvanometer is said to be damped. 
A common way of damping a galvanometer is to have a mass 
of copper close to the needle, so that as the needle swings it 
induces currents in the copper, and these retard the motion of 
the needle. Sometimes the needle is suspended inside a sphere 
of copper which has a cavity hollowed out inside it for the 
needle to swing in. The currents induced in the copper in any 

N 2 
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position of the needle are proportional to the velocity of the 
needle, and the retarding effect on the needle is proportional to 
the intensity of the currents, so that it is proportional to the 
velocity of the needle, for a given position of the needle. If 
we suppose the oscillations to be small, we may always suppose 
the retarding effect to be proportional to the velocity of swing of 
the needle. 

Let the deflexion of the needle from the position from which 
angles are measured, when in its position of equilibrium be a. 
Then the equation of motion may be written 

^ + 2^-+a,«(d-a) = o, 

the factor k depending on the damping, and o)' on the restoring 
couple. 

To solve this equation let us put 



dt 



^'"''{-Jt^^'')' 



d^O ^^f^x .dx -, N 



d^ 



Thus we get 



From which 



g?+(a)»-^;r = o 



X = Csin ( VV-IV+ CO; 



.-. d-a = C^-*'sin(V'a)«-i^/+Cr) ; 
if o) is > k. 



Or ' x-Ce VA»— »'+ Ce - V**— «/ ; 



.-. e-^a = Ce -(*-V*^-«'0/+ Ce -(*+^*--«!0/; 
if >& is > 0). 

In this last cade the motion is not oscillatory; the needle can 
only go through the position of equilibrium for one value of /; 
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after which it reaches a point of maximum elongation, and then 
continually approaches the position of equilibrium, only reaching 
it after an infinite time. 

Similar results would be obtained if w = i^, the solution for 
which case is 

Let us consider the case in which co is > k. The equation 
shows that we get isochronous oscillations of which the complete 
period is 



But the amplitudes of these oscillations diminish in geome- 
trical progression. If the value of a given half-amplitude is 

that of the next one will be 

Thus the ratio of each half-amplitude to the next is e "/^^^'^ 
The logarithm of this ratio k 'n/^a?—}^ is called the logarithmic 
decrement. Let us denote it by X. The common logarithmic 
decrement L is found by observing an elongation, and then 
another after the body has made a considerable number of 
vibrations. Then 

A = Zlog«io. 

If T^ is the period of a complete oscillation without damping, 

^0 = — • 

O) 



7; V^a)«-^« w 



Suppose we have a damped ballistic galvanometer, and a 
quantity of electricity Q passes through it. Let a be the ob- 
served deflexion, a^ that which we would obtain with no 
damping. 
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The position of the needle at any instant, measuring the time 
from the instant when it starts, is given by 

Thus to find the maximum elongation, we have 



tany;;^3:p/=:^^''-^. 

k 
And if V is the initial angular velocity, 



V . tan""*-: — ; /~9 Th 



0) 



And 



V 

i^tan-^5 



Now = f ?^a,. 

Thus = -7^ — 7=s=o^"' '<»• 

If A is small we have tan ~^ tt/A = 7r/2 nearly. 

Therefore = ;?— ri + -)a. 

Cr 2 TtV 2^ 

Suppose there is very little damping, so that \ is very small. 
Let p be the ratio of each half-amplitude to the next. Then p 
is very small. And we have 

= p very nearly. 
H T 



Thus 0=^.JL(i + ^),. 
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6. Bifilar Suapensioii. A bifilar suspension is used in many 
electrical and magnetic instruments ; and we shall here give the 
theory of it. 

A weight P is suspended by two threads of equal length /, 
having their upper ends on the same horizontal line, and which 
in the position of equilibrium are parallel to each other, and at a 
distance apart d^ If the body is turned through an angle about 
a vertical axis from its position of equilibrium its centre of 
gravity is raised, and it tends to return to its original position. 
To find the moment of the couple acting 
on the body to produce this displacement* 
Let this moment be M. Suppose the 
centre of gravity of the body, which we may 
consider to be vertically below a point 
midway between the attachments of the 
strings, to be raised through a distance x. 
Let each of the strings be deviated from its 
vertical position by an angle <^. 

Then 

X = /(i— cos<^). 




/sin<f) = </sin-> 

2 



X 



= i- A/P-^d^sm 



6 



For the position of equilibrium 
MdO = Pgdx, 



Pgd^sin - cos -dO 
22 



M= 



Pgd^ sin e 



d^sm^- 
2 



V- 



</'sin*-- 
2 



Or since d is made very small in comparison with /, and 6 is 
taken small too, 
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.. Pgd" sin e , 

M = -^ — - — J very nearly. 

7. Weber's Eleotrodyiiamometer. In this instrument a 
small coil is suspended by a bifilar suspension, consisting of two 
wires, within a large one which is fixed in the plane of the 
magnetic meridian. Let (? be the magnetic intensity produced 
by tlie large coil at its centre, where the small one is suspended, 
for unit current flowing in it. Let ^ be the magnetic moment 
of the small coil for unit current flowing in it. The small coil 
hangs from a torsion-head which may be turned through any 
required angle. The current is led to this coil by means of the 
wires forming the suspension. Let the moment of torsion due 
to the suspension, when the angle of torsion is 6^ be F^inO, 
Suppose we have currents i^^ t\ in the fixed and suspended coils. 
And let B be the angle through which the suspended coil is 
deflected. This angle is observed by means of a mirror 
attached to the coil and reflecting a beam of light. We have 
the equation, 

/'i I2 Gg cos B^t\gH^mO^F%mB =iO, 

To correct for errors of adjustment of the coils, let us suppose 
that the plane of the fixed coil makes an angle a, and the axis 
of the suspended coil an angle a-^fi with the magnetic meridian. 
Suppose we pass the current i^ in the suspended coil, and then 
reverse its direction, and obtain the corresponding deflexions 
^1, B^ on opposite sides of its position of equilibrium. We get 
the equations, 

ht\Ggco^{B^-^^) = t\gH^in{B^-\^a-^ff)-^F%mB^, (i) 

t\t\Gg cos (B^-fi) = --i;^-^sin(^j-a-^)+/'sin^,. (2) 

In the same way if by passing the current t\ in the opposite 
directions through the fixed coil, we get for the two directions of 
z, in the suspended coil the deflexions B^, B^ on opposite sides 
of the position of equilibrium, we have the equations, 

t\t,Ggcos{B,^fi)=i,gJIsm{B,-a-^fi)+FsmB,, (3) 

t\t^Gg cos {B^+^) = -.i;^Z^sin(^, + a+)3)+/'sin^,. (4) 



k 
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From (i) and (3) we get 



hhGg = t^g H i2si 



^1+^8 ^ 2 



2 /3r^ 

cos' * 

2 



r^'+^) 



fl-o, 



cos ' ' 



+ /'tan^^+^' 



2 

COS 



?!M 



Now a and /9 are very small angles; and ^1, ^2> ^8> ^4 ^^^ 
nearly equal. Thus neglecting magnitudes above the first order 
of small quantities, we get from this equation, 

hh Gg = hgH tan ^-^ + Fizxi ^^' • 
In a similar way from equations (a) and (4), we get 
,;,; Gg=- ugHuai ^^* + Fun ^-^* . 

2 2 

Now suppose that t'^g-ff is small compared with /^, then at the 
same time the deflexions are nearly equal. Thus approximately 

hh = -7T-(tan .i:i--? + -i21_*), 
^ ^ 2Gg\ 22/ 

= -^7- tan ^ ? ? ^ , nearly. 

Gg 4 

If the same current t is sent through the two coils, and is 
the mean value of the deflexions, 

,- = ^tanO. 

This method of using the electrodynamometer is called the 
Method of Tangents. 

Another method of using it is to bring back the suspended 
coil to its position of equilibrium, with its axis in the magnetic 
meridian, while the current is passing. Then we have, if the 
adjustments are accurate, 
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F 
^^ Gg 

Or with the same current in both coils, 

F 
I** ^ -p^ sin 6, 

Gg 

This is called the Method of Sines. 

If the current in each coil has its direction changed the de- 
flexion is unaffected. An electrod3niamometer is consequently 
a suitable instrument for measuring alternating currents. 



CHAPTER IX. 

Determination of the Absolute Value of a given 

Electrical Resistance. 

1. We have seen how an electrical resistance may be 
measured in terms of a given set of standard resistances. This 
operation may be called Comparison of Resistances : with suit- 
able apparatus it is capable of being done v/ith tolerable ease 
and a considerable degree of accuracy. Thus with a Post Office 
resistance box, in which the values of the resistances of the 
coils are given in terms of the B. A. unit of resistance, we can 
find to a small per-centage the value of a given electrical resist- 
ance in B. A. units. 

We have now to consider methods of determining the value 
of a given resistance in terms of the absolute unit of resistance, 
or the ohm, according to the definition already given of this unit. 
The object of this is to determine in terms of some easily 
producible standard the value of the ohm. The plan adopted 
has been to compare the resistance measured in ohms with a 
column of pure mercury of known dimensions and at o°C., 
and to calculate from the value of its resistance in ohms the 
length of a column of pure mercury at o° C. having a cross- 
section of one square millimetre, which has a resistance of one 
ohm. 

When this has been done, copies of the ohm consisting of 
columns of mercury, with dimensions adjusted to have the 
required resistance at a fixed temperature, or conductors of 
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other metals compared electrically with these, may be made and 
kept as absolute units of resistance. 

2. The methods which have been used to determine the abso- 
lute value of a given resistance may be classed under two 
general heads. They depend respectively on the laws of Joule 
and Ohm. 

In the first, the resistance of a conductor is calculated from 
the amount of heat generated in it by a known current in a 
given time, according to Joule's law which has for its expression 
the equation 

where the heat ^ is measured in calories, and y is the mechanical 
equivalent of heat. 

In the second, the resistance of a conductor is calculated from 
the current produced in a conductor by a known E. M. F. accord- 
ing to Ohm's law which has for its expression the equation 

E^CR. 

In this case the E. M. F. must be due to induction, as these 
are the only E, M. F.s that can be calculated directly in abso- 
lute units. 

We shall now describe some of the principal methods that 
have been used to determine the absolute value of a resistance. 

3. (i) Joule's Calorimetrie Method. A current C whose 
strength was measured by means of a tangent galvanometer was 
passed through the coil of resistance R contained with water in 
a calorimeter. The heat, H^ in calories, developed in the calori- 
meter in a certain time, / seconds, was determined. Then if J 
is the mechanical equivalent of heat we have to determine -/?, 
the equation 

H-JCRt, 

This method has been used by Joule and other experi- 
menters. There is this objection to it ; that the value of / is 
not known sufficiently well to make it an accurate method. In 
fact the value of the ohm is probably known, from other methods 
much better than /is known. This would therefore be a more 
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suitable method for determining the value of y from the value in 
ohms of the resistance of the coil used in the calorimeter. 

4. (2) Methods by Transient Induced Currents. 

Suppose a quantity Q of electricity passes instantaneously 
through a ballistic galvanometer of which the constant is Gy and 
at which the horizontal component of the earth's magnetic field 
is H^ the period of a complete oscillation of the needle being T, 
Let Q be the deflexion produced by Q, Then we have 

^ B T , e 

= -^ .— sm-. 

Cr TT 2 

The transient current in the galvanometer may be produced 
in two ways. 

(i) A large coil is set so as to be capable of rotating about a 
vertical axis in a place where the horizontal component of the 
earth's field is IT, The ends of this coil are connected to the 
galvanometer. Let the magnetic moment of the coil per unit 
current in it be S» This may be found from its dimensions by 
taking the sum of the areas of its turns, they being all in one 
plane. Let R be the resistance of the circuit formed of the coil 
and galvanometer. 

The coil is set first at right angles to the magnetic meridistn, 
and then rapidly rotated through 180°. The quantity of elec- 
tricity which passes is 

2SH' 

R 

Thus we have, 6 being the galvanometer deflexion, 



^ rsin ? 

2 

The ratio IT/H may be found by oscillation the same 
magnet at the centres of the galvanometer and the rotating 
coil. 

(ii) Two coils are taken whose coeflicient of mutual induction 
M can be calculated. One of these is connected to the galvano- 
meter, forming a circuit of resistance R. . In the other a current 



190 Absolute Value of Resistance^ [Part in. 

/is established. If this current is suddenly reversed the quantity 
of electricity which passes through the galvanometer is 

2MI 

/ is measured by means of a tangent galvanometer, whose 

constant is G^, at a place where the horizontal component of 

the earth's field is If, Let a be the deflexion produced by T 

in this galvanometer. Then we have 

jy 
/= 7;j7 tana. 

From these equations we get 

n HM^' G tana 

T^sm - 
2 

The ratio H'/H may be found as before. Or the reduction 
factors JlfG^ H'jG' of the two instruments may be completely 
got rid of by passing the same current through them ; the 
ballistic galvanometer, since it is a very sensitive instrument, 
being shunted with a known shunt; and observing the de- 
flexions produced. 

The first of these two methods is due to Weber. The second 
was first suggested by Kirchhoflf, who was the first to determine 
in absolute measure the resistance of a conductor. His experi^ 
ment, however, was arranged in a different manner ; and the 
theory of it is much less simple. He used the same galvano- 
meter to measure the permanent and the induced currents. The 
above method, and various slight modifications of it, have been 
employed by several experimenters with good results. 

6, (3) Iiorenz's Method by Continuous Induced Current. 

A conducting disc is made to rotate about its axis in a mag- 
netic field. If the ends of a conductor are placed in contact 
with the centre and circumference of the disc an E. M. F. will be 
induced in the circuit so formed. The magnetic field is pro- 
duced by a coil coaxal with the disc carrying a current* Thus 
the magnetic forces of the field form a system of revolution 
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about the axis of the coil. And the quantity of magnetic in- 
duction cut across by the moving disc, considered as part of 
the circuit, in a single revolution, will be equal to the quantity 
enclosed by the rim of the disc. 

Now let M be the coefficient of mutual induction of the coil 
and a circuit coinciding with the rim of the disc. And let / be 
the current carried by the coil. Let T be the time of a revo- 
lution of the disc. The E. M. F. induced by the rotation of 
the disc is 

MI 



Now the centre and the circumference of the disc are con- 
nected with the ends of a portion of resistance i? of a circuit in 
which a current V is flowing. And matters are so arranged 
that no current flows in the disc or its connexions with R, Thus 
the £. M. F. induced by the motion of the disc just balances die 
E. M. F. RF. And we have 

MI 



i? = 



Tr 



The current / of the coil is made the same as that in the 
resistance R^ and so we have 

R ^=- -=• 

6. (4) British Asaooiatioii Method by meims of a Re- 
volving Coil. 

A closed circular coil is made to revolve uniformly about a 
vertical axis. The currents induced in this by the earth's field 
act on a small magnet suspended at its centre by means of a 
silk fibre. Under the action of these currents the magnet would 
not, strictly speaking, have a position of equilibrium \ but by 
making it of large moment of inertia and making the coil re- 
volve rapidly it settles down, approximately, into a definite 
position. Its deflexion from the magnetic meridian is read by 
means of a beam of light reflected on a scale. 
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Let 6 be the galvanometric constant of the coil, or the mag- 
netic intensity at its centre per unit current ; 

S the magnetic moment of the coil per unit current ; 

L its coefficient of self-induction ; 

R its resistance in ohms ; 

Q) its angular velocity; 

f the current in the coil at any instant ; 

H the horizontal component of the earth's magnetism ; 

M the magnetic moment of the magnet ; 

A its moment of inertia; 

the angle between the magnetic meridian and the plane of 
the coil at any instant ; 

(^ the angle between the magnetic meridian and the axis of 
the magnet; 

a the value of <f> when there is no torsion in the thread ; 

MHr the coefficient of torsion of the suspension fibre. 

The entire E. M. F. induced in the coil in consequence of its 
motion with respect to the earth and the needle is 

HS^^ sin Q + GM^^ sin IQ - ^) 

di at ^ 

= HSdi cos e^GMiA cos (d— <<>), 

because -=- = 00, and ultimately <^ is constant. 
di 

Thus we have 

i?/+Z-^ = ^.S'a)COS^+ Gil/a) cos(d-<^). 

Multiplying by e^ / Ly and integrating, and writing 6 = co/, 

Rj 
and dividing by e^ , we get 






{R coso) /+Zci) sin 00/) 



Rt 



GM 



^ ji?cos(a)/-<^) + Za)sin(a)/-<^)l + C^ ^ • 



The last term disappears after a short time. 
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From the motion of the needle we have 



di" 



= ilf G/COS (^-<^)-iJf^{sin <^ + r (<^-a)}. 



In the position of equilibrium of the needle -^ = o. Thus 

we have G/cos {0—4>) = ^{sin</)+T(<^7- a)}. 

Substituting in the above equation, the terms in 0, or a>t 
must vanish; for the final value of (j) does not depend on 6. 
Thus leaving these terms out we get 



CO 



G 



\BS{Rcos(f>'\-L(»)sm^)+GMjd 



= 2 JI {sin (f>+T {(l>—a)\ , 

From this equation the value of i? can be deduced. 

It is not necessary to know the value of II. The value of 
MfH can be determined by using the suspended magnet to 
■deflect the needle of a magnetometer. 

This method was suggested by Sir William Thomson to the 
Committee of the British Association on Electrical Standards, 
and used by them in 1 863. 
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Dimensions. 



1. By the dimensions of a physical quantity we mean the 
quantities, and powers of quantities, involved in the measure- 
ment of it. Thus a velocity, since it is distance per unit of 
time, and is measured by a distance divided by a time, is of the 
dimensions of a length and the reciprocal of a time : an ac- 
celeration, since it is increase of velocity per unit of time, is of 
the dimensions of a velocity and the reciprocal of a time : or of 
a length and the inverse square of a time. Now in mechanics 
we know that length, mass, and time are the fundamental 
quantities the units of which we choose as fundamental units ; 
and the units of all other quantities are derived from these. 
These three fundamental units are sufl&cient for the statement of 
the measure of any quantity that can occur in mechanics. For 
instance, we may say that a force is one which acting on the 
unit of mass for unit of time will generate in it a velocity of so 
many units of length per unit of time. Thus the dimensions of 
all quantities that occur in mechanics can be expressed in terms 
of those of length, mass, and time. 

2. The units of all quantities that occur in Electricity and 
Magnetism are defined with reference to their mechanical actions, 
and the dimensions of all such quantities can be expressed in 
terms of the fundamental units of length, mass, and time. 

The fundamental units of length, mass, and time are denoted 
by the symbols [Z], [M], and [T], and any derived unit is 
denoted by a similar symbol in square brackets. Thus [ZT"^'], 
[Z2^^] for the units of velocity and acceleration. 
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3. The expression of any physical quantity may be con- 
sidered to consist of two factors, one being the unit in terms of 
which it is measured, and the other the number of times it con- 
tains the unit. If the magnitude of the unit is altered in any 
manner, the numerical factor in the expression of a given quan- 
tity will be altered in the inverse ratio. Now the magnitude of 
the unit will depend on those of the fundamental units chosen. 
If we know in what maimer it depends upon them, that is to 
say, if we know its dimensions, we can easily find how it will 
be changed if we change the fundamental units. For suppose 
that a derived unit [iV] is [L^M^T^]. Then by taking new 
fundamental units [ZQ, [-^'], [7^], the corresponding derived 
unit [iT] is [L'^M^ T^**]. And the ratio of the new to the old 
unit is 

yj:) \m) yr) ' 

4. Derived Mechanical Units. The following are the 
dimensions of the principal derived units that occur in me- 
chanics. 

Velocity. A velocity being distance passed over per unit of 
time, the dimensions of the unit of velocity are [LT~^\ 

Acceleration. This being increase of velocity per unit of 
time has for dimensions [Z T*""*]. 

Force. This being measured by the product of a mass and 
an acceleration has for dimensions [LMT"^]. 

Work. This being measured by the product of a force and 
a distance has for dimensions {JJMT"^. 

6. The dimensions of the unit of any quantity will depend 
upon the action with reference to which the unit has been 
defined. So that if we can find two entirely different actions 
of the same quantity with reference to which to fix its unit and 
to measure it, the unit will, as a rule, be of dififerent dimensions 
in the two cases, and the measure of the quantity will vary when 
we vary the fundamental units in different manners according to 
the ways we have chosen of selecting the unit. As an example 
of dififerent ways of selecting a unit for the same quantity we 

o 2 
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may refer to the definitions already given of the unit of elec- 
tricity according to its electrostatic and electromagnetic actions 
respectively; the unit in the first case being defined with respect 
to the action of a charge of electricity on another charge, and 
that in the second case with respect to the action on a magnetic 
pole of a quantity of electricity flowing along a conductor. 

6. There are two systems of units of all the quantities that 
occur in electricity and magnetism, which are obtained respec- 
tively by starting with electrostatic and magnetic actions, and 
are called the electrostatic and electromagnetic systems. We 
shall determine the dimensions of the units in these two systems. 
We shall denote by a small letter the measure of any quantity 
in the electrostatic system, and by the same letter in square 
brackets the corresponding unit; and by the corresponding 
capital letter, and this letter in square brackets, the measure 
of the same quantity in the electro-magnetic system, and its 
unit. 

7. ELBCTBOSTATIO STSTEM. 
Quantity of Electricity. A quantity q of electricity acts 
on an equal quantity at a distance d with a force /J where 

/= fid". 

Thus q = d^f. 

And since d is of dimensions [Z] and f of dimensions 
[LMT-^, we have 

[q] = [L^M^T'^}. 

Surface-Density of Electricity, being the quantity per unit 
area, we have for the unit, 

[<r] = [Z-*Jlf*7'-^. 

Electrical Intensity, being force per unit of quantity, we 
have for the unit. 

Specific Inductive Capacity is by definition, in this system, 
a ratio, that is to say, it is a quantity of no dimensions in the 
fundamental units. 
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EleotroBtatio Potential, or E. M. F., is work per unit quan- 
tity of electricity; so that we have for the unit, 

Capacity being quantity of electricity per unit of E. M. F., we 
have for the unit, 

Current being quantity per unit time, we have for the unit, 

[1] = [pM^T-^^. 
Besistanoe being defined by Ohm's law, we have for the unit, 

['■] = W/M = [^-'^]- 

Quantity of Magnetism. A quantity ^ of magnetism con- 
centrated at the centre of a circular conductor of length / and 
radius d and carrying a current / is acted on by a force/" due to 
the current, where y=i7//</^ 

Thus /=/flr^/,7; 

SurfiEuse Density of Magnetism being quantity per unit area, 
we have for the unit. 

Magnetic Intensity being force per unit quantity of magnet- 
ism, we have for the imit, 

[^ = [/]/[/] =[^*^^]- 

Magnetic Potential being work for unit quantity of magnetism, 
we have for the unit, 

Magnetic Power being product of magnetic density by thick- 
ness of shell, we have for the unit, 

8. ELECTBOMAGITETIO SYSTEM. 

Quantity of Magnetism. A quantity Q^ of magnetism acts 
on an equal quantity at a distance d with a force/ where 

/= Qryd\ 



1 98 Dimensions. [Part hi. 

Thus Q^ = d^. 

And we have for the unit, 

SurfiBkce Density of Magnetism being quantity of magnetism 
per unit area, we have for the unit, 

Magnetic Intensity being force per unit of magnetism, we 
have for the unit, 

Magnietie Potential being work per unit quantity of magnet- 
ism, we have for the unit. 

Magnetic Power being the product of magnetic density and 
thickness of shell, we have for the unit, 

Current. A quantity Q^ of iD&gnetism concentrated at the 
centre of a circular conductor of length / and radius d and 
carrying a current I is acted on by a force/* due to the current, 
where 

/= liQ^./d'. 

Thus I=/<P/IQ^; 

Quantity of Electricity being product of current and time, 
we have for the unit, 

Sur&ce-Density of Electricity being quantity per unit area, 
we have for the unit, 

[S] = [Z-*iI/*]. 

Electrical Intensity being force per unit quantity of electricity, 
we have for the unit, 
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Electrostatic Potential^ or E. M. F., being work per unit 
quantity of electricity, we have for the unit, 

Capacity being quantity per unit of E. M. F., we have for the 
unit, 

[C] = [Z-^ 7^]. 

Beaistance being defined by Ohm's Law, we have for the 
unit, 

[i?] = [jF]/[/] = [zr-^]. 

Specific Inductive Capacity. If o* is the surface-density of 
electricity at a surface in a medium of specific inductive capacity 
k, and V is the potential at the surface, and n a distance 
measured along the normal to the surface, passing into the 
medium, we have 

an 
Thus we have for the unit of specific inductive capacity, 

W = [S][Z]/[i?] = [Z-»7']. 

9. These are the dimensions of the units of the principal 
quantities occurring in electricity and magnetism. It may be 
noticed that the quotient obtained by dividing the unit of any 
quantity in either system by that of the same quantity in the 
other system is always some power direct or inverse of the unit 
of velocity. Thus, for instance, taking the units of quantity of 
electricity, we have 

From this it follows that the number of electrostatic units in 
an electromagnetic unit is the numerical measure of a certain 
velocity the absolute value of which does not depend upon the 
magnitudes of the fundamental units. For if these units be 
changed in any manner this number will vary inversely as the 
unit of velocity, so that the product of it and the unit of velocity, 
that is the velocity of which it is the numerical measure, will 
remain constant. 
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Let us denote this number by v. We can see in just the 
same way that the number of electro-magnetic units of any 
quantity contained in an electrostatic unit of the same quantity 
is some simple power of v. 

We may also see in the following way the relations that exist 
between the units of the principal quantities in the two systems. 
Let /, / be the numerical measures, in the two systems, of an 
electric current, with similar meanings for the other letters. We 
have for W, the measure in joules of a quantity of energy, the 
following expressions, 

W-eq-EQ, , 
From these equations we get 

Thus we have for the ratios of the units of the quantities, 

\Rrv\~ 

10. Experiments have been made to determine the value of v 
with reference to various pairs of units ; these have all given for 
it, supposing we take for fundamental units those of the C. G. S. 
system, a value of about 30 x lo'. This is about the same as 
the measure of the velocity of light with the same units ; the 
two numbers, the ratio », and the measure of the velocity of 
light agreeing to about the same degree of accuracy as the 
various determinations of either of them agree among them- 
selves. If then we suppose these two quantities to be the same, 
we see that whatever be the fundamental units chosen, the 
number of electrostatic units of electricity in an electromagnetic 
unit is a number expressing a velocity which is always the 
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velocity of light. If our fundamental units were so chosen that 
the velocity of light should be unit of velocity, then the units of 
any quantity in the electrostatic and electromagnetic systems 
would be equal. 

We may obtain a physical conception of the velocity Vy as 
it relates to the units of electricity, in the following manner. 
Suppose we have two parallel plane surfaces electrified to surface 
densities o-, a\ The force of repulsion on either of these per 
unit area is 2 -jr o- </. 

Now let us suppose that an electrified body in motion is 
equivalent to an electric current. And let these two surfaces move 
in a direction parallel to themselves with velocity v. This is 
equivalent to two parallel current- sheets; and there will in con- 
sequencie be attraction between the planes. If u, «/ are the 
surface-densities of the current in the two sheets, or the quanti- 
ties of electricity flowing per second across unit length drawn at 
right angles to the direction of flow, it may be shown that the con- 
sequent attraction on either plane per unit area is 2 ttww'; where 
u and 1/ are measured in electromagnetic units. Now let n 
be the number of electrostatic units in an electromagnetic 
unit. The surface-densities of current due to the motion of 
the two planes measured in electrostatic units are <tv,</v. 
Thus we have 

u = — > u = • 

n n 

Now let us suppose that the velocity v is such that the electro- 
static repulsion is just balanced by the electromagnetic attrac- 
tion. Then we must have 

2 iraa- = 277 - 



n" 



Therefore v = n. 

This gives the velocity with which the surfaces must move, 
and shows that the number expressing it is equal to the number 
of electrostatic units contained in an electromagnetic unit. 

It has not been shown whether a moving electrified body 
does produce the same electromagnetic effect as that here 
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supposed, but Rowland has shown that such a body does pro- 
duce some magnetic effect, of the same order of quantities as 
we have supposed. 

11. Weber and Kohlrausch's determination of v. Weber 
and Kohlrausch were the first to make a determination of the 
value of V. They deteritoined it as the ratio of the electro- 
magnetic unit of electricity to the electrostatic unit, or the ratio 
of the numbers expressing the value of the same quantity of 
electricity in electrostatic and electromagnetic units. 

The following is the principle of the method. A Leyden jar 
of known capacity was charged, and the electrostatic measure 
of the charge was determined. The jar was then discharged 
through a ballistic galvanometer to determine the electro- 
magnetic measure of the charge. The ratio of the first of these 
measures to the second is the required value of v. 

The capacity of the jar was determined by comparing it with 
that of an isolated sphere, the capacity of which in electrostatic 
measure is equal to its radius. This was done by putting the jar 
in contact with the sphere several times, and putting the sphere to 
earth after each contact, and comparing the potential of the jar, 
before these contacts, with that which it has after they have been 
made. The potential of the jar is diminished at each contact 
in the ratio of its capacity to the sum of the capacities of the 
jar and sphere. 

The potential of the jar could now be determined by means 
of an electrometer of known constants; and so the charge 
could be found as the product of capacity and potential. But 
in the original experiments a torsion-balance, of known con- 
stants, and having the fixed and moving balls equal, was used. 
With the fixed ball, of known size, a known fraction of the 
sphere's charge was taken from it, and thus a known fraction of 
the charge of the jar. Half this charge was imparted by contact 
to the moving ball, and by the deflexion, and the known con- 
stants of the instrument, the value of the charge, and thus of 
the charge of the jar, was determined. 

12. Sir Wm. Thomson's determination of v. Thomson 
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determined z; as the ratio of the electrostatic to the electro- 
magnetic unit of E. M. F. . 

A current was sent through a. coil whose resistance R in 
electromagnetic measure was known. The value of the current 
/ was determined by means of an electrodynamometer, so that 
it was not necessary to determine the value of H, Thus the 
electromagnetic measure E of the E. M. F. of the ends of the 
coil was known, being equal to RI. 

The electrostatic measure e of the same E. M. F. was deter- 
mined by connecting the extremities of the resistance R with 
an absolute electrometer. Thus we get for the required value 

E 

z; = — . 
e 

In this method of determining v it is necessary to know the 
value of R in absolute measure, as this value is a factor in the 
result, and if it has been measured in terms of any given unit, 
for instance the B. A. unit, we must know how many C. G. S. 
units of resistance this contains. The other factor of the result, 
it may be seen, is merely a numerical quantity, and of no 
dimensions in the units ; for instance the values of / and of e 
both involve the square root of a force. This method may then 
be considered as one for determining z; as a resistance. 

13. Determination of v by means of the measures of a 
capacity. 

The value of v is the square root of the ratio of the electro- 
magnetic to the electrostatic unit of capacity. 

Suppose we have a condenser whose electrostatic capacity can 
be readily calculated from its dimensions ; such as one formed 
of two parallel circular plates with a guard-ring. 

The electromagnetic measure of the capacity may be deter- 
mined in the following way. A current is passed through a 
known resistance R, and its value determined by the deflexion 
a produced in a galvanometer, from the formula 

r H 

/ = ~ tan a • 

6r 

The ends of the resistance R are connected to the electrodes 
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of the condenser, thus charging it to E. M. F. HI. If then C 
is the capacity of the condenser it is charged with a quantity of 
electricity, 

Cie-p^tana. 

If the condenser is now discharged through the galvanometer, 
the period of a complete vibration of which is T, producing a 
swing 6, we have the quantity discharged 

IT G 2 

Thus we get 

. a 

o = — = • 

IT K tan a 
If ^ is the electrostatic measure of the condenser, as deter- 
mined by measurement, we have 

TtRc tan a 



1^ = 



sm- 

2 



This method has been used by Professors Ayrton and Perry. 
To make it workable, matters were arranged so that the entire 
current /was not passed through the galvanometer, which, as it 
was used to measure the discharge, was a very sensitive one. 
But the galvanometer, of resistance g, was shunted with a shunt 
s, and a very great resistance p added to it. The terminals of 
the resistance thus formed were then connected with those of a 
known fraction m of the entire resistance JR. This practically 
does not alter the value of the current in mJR, and so we observe 
the current produced by the E. M. F. mE in the resistance 

p + -^ - If a' is the deflexion thus produced, we have 

g-j-S Or 

And the charge is CjE; thus we get 

P{g+^)'^g^ ^ tana' 



CHAPTER XL 

Examples of Electro-Magnetic Measurements. 

1. To compare a Coefficient of Mutual-Induction and a 
Besistance. The primary coil is joined up in circuit with a 
constant battery so that a current / flows in it. The secondary 
is connected with a ballistic galvanometer. Let M be the co- 
eflScient of mutual-induction of the coils ; R the resistance of 
the circuit composed of the secondary coil and galvanometer. 
The current in the primary coil is suddenly reversed, and the 
swing of the galvanometer, a, read. The entire quantity of 
electricity that has passed through the galvanometer is 2MI/R, 



Thus 



2MI _ T H_ ( ^ 
R " 2tt' G°V^"'"2>' 



Next the galvanometer is shunted to a portion of the primary 
circuit of small resistance, S; and the resistance, A', of the 
galvanometer circuit is made very large. Thus the entire 
current in the primary circuit may be supposed to be unaltered. 
And the current through the galvanometer will be IS/(S+ir), 
Let /3 be the deflexion obtained. 

2M _ S T_ af \\ 

This method may be used to determine M if we know the 
value of R and the ratio of S and AT". Or it may be used to 
determine the absolute value of a resistance i?, if the value of M 




^ 
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is known by calculation and the relative values of the other 

resistances can be found. 

2. To oompare a Coeffleient of Mutual-Induction and a 

Capacity. Join up a constant battery in circuit with the 

primary coil, and a ballistic galvanometer with the secondary 

coil, as in the first 
figure. Let-^be the 
coefficient of mutual 
induction of the coils; 

k the entire resistance of the secondary circuit ; / the current in 

the primary circuit. Observe the throw, a, of the galvanometer 

on making the primary circuit. 

MI T H ( \^ 

Then -p" =—" 7^ •«(' + -)• 

Next charge the condenser of capacity C, at the extremities of 

r-£_-_ * portion of known resist- 

> : r^ ance S of the primary cir- 

/' g \.....i ^^^'' through the galvano- 

— I — Y^ \ meter, while the current 

^^ f^S — / / is flowing through the 

primary circuit. Observe the throw ^ of the galvanometer. 

Then CSI^— • ^-^(1+-)' 



Therefore 



277 G 

M 



CRS fi 



The change from the first to the second arrangement may be 

made in practice by means 

of two three-way pieces 

'^ IWtI imvt^ " ^^ ^^^f a'V<f, a and of are 



i 




1 , -T 1/^ ^^'«Lx^ connected to h and V to 

V put the galvanometer in 

circuit with the secondary coil ; and with c and <f to charge the 
condenser. 

3. Measure of Capacity of a Condenser in terms of 
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a Besistanoe, with Ballistio Galvanometer. A constant bat- 
tery is joined up in circuit with a very large 



\ 



resistance. Let ^-5 be a portion of this f 1| n^ 

resistance of known value R, The con- I J 

denser is arranged as in the first figure, so 1 

that it may be charged to the P. D. of A L_^/ — " 

and B and discharged through the galvano- [ /^ 

meter. ^^ 

Let / be the current through AB, C the capacity of the con- 
denser, a the swing of the galvanometer when the condenser is 
discharged through it, other letters having their usual meaning. 
Then, since CIR is the quantity of electricity that passes 
through the galvanometer, 

CIR= —.§0(1+-).... (1) 

Next the galvanometer is shunted on to a portion CD of the 
main circuit of small resistance S, and the 



rzj 



XD 



resistance, A', of the galvanometer circuit 
is made very large. 

Let fi be the steady deflexion obtained 
in the galvanometer. The current in the 
main circuit may be supposed still to have 
the value /, since the resistance of the 
circuit has been very slightly diminished. The current in the 
galvanometer is now IS/ {S'\-K). 

From equations (i) and (2) we get 

C = • — • — • -(1+ - 1 • 

S^K R 2% ^^^2) 

To determine C in this way we must know the value of R 
accurately. We only require to know the ratio of the resistances 
S^^K. 



2o8 
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4. Meaaure of Capacity of Condenser by means of Inter- 
mittent Currents. Suppose the condenser arranged with a 

galvanometer (?, and a battery 
of E. M. F. E, and a piece A 
——----- moving between the two con- 
tacts B and C, either as in fig. i, 
so that when A touches JB the 
condenser is charged through 
the galvanometer, and when A 

touches C it is discharged; or as 

in fig. 2, so that when A touches 

1 >->. I C the condenser is charged, and 

v«y ^ when A touches B it is dis- 

charged through the galvano- 
meter^' 
Let C be the capacity of the condenser. 
Then at every complete to-and-fro vibration of u4 a quantity 
EC of electricity passes through the galvanometer. 

Now let A vibrate so quickly as to keep up a continuous 
steady deflexion of the galvanometer. Let iV be the number of 
vibrations made by A per second. The mean current through 
the galvanometer is NEC. 

Now let the same battery be used to drive a steady current 
through the galvanometer, and let the resistance of the entire 
circuit be adjusted to such a value R that the same deflexion of 
the galvanometer is obtained as before. The current is now 
equal to E / R. 



Thus we have 



NEC^^, 



C = 



NR 



For the vibrating piece A a prong of a tuning-fork of knovm 
vibration frequency may be used. 

6. To measure the E. M. F. of a Battery in terms of a 
given Besistance and Current. Join up a constant battery 
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in circuit with a known resistance R^ and a tangent galvanometer 
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Tor some apparatus for measuring the 
current. Join the poles of the given 
battery through a sensitive galvano- 
meter G to the extremities of the 
resistance i?, so that its positive pole 
and the positive pole of the other or 
auxiliary battery are connected to the 
same extremity of R. Arrange the 
resistance R and the current through it so that when the circuit 
through the galvanometer (7 is completed it gives no deflexion. 

Let / be the current in R as given by jT; and E the E. M. F. 
of the given cell. Then applying Kirchhoffs second Law [see 
Chap. II, § i] to the circuit of the given cell, the galvanometer 
G, and R, we get E = JR, 

It is clear that the auxiliary battery must have a larger 
E. M. F. than that which we are to measure. 

6. Lord Bayleigh's method of measuring Coefficient of 
Self-induction. The coil of resistance q whose coefficient is 
to be measured is joined up in a Wheat- 
stone' s bridge, and the balance obtained 
for steady currents, so that when the 
battery circuit is first made and then 
the galvanometer circuit there is no 
deflexion of the galvanometer. Let L 
be the coefficient of self-induction of 
the coil q, L' that of the galvanometer. 
The arms/, r, s should have no self-induction. 

The throw of the galvanometer needle is obtained when the 
galvanometer circuit is first made, and then the battery circuit. 
Let this be a. 

Let the currents at any instant in the arms /, ^, &c» be de- 
noted by P, Q, &c. Let their final values in the steady state be 
denoted by P', O', &c. 

Then we have from the expressions for the P. D. between 
B and C, 

p 
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qQ-pP-^L^-§ = gG+L'^-^.... (I) 

And rJl-sS = gG + L'^; 

dG 
that is, rP-xO = Cr+''+j)G^+X'^. ... (2) 

Multiply (i) by s and (2) by q, and add ; and we get, since 
ps = qr, 

sL^^^g(s+q)'k'q{r^s)^G-^{s^q)r^. 

Integrate this with respect to the time from the starting of the 
currents to the time that their steady values are attained. Let 
E be the entire quantity of electricity that passes through the 

galvanometer, / G dL Also since the initial and final values of 

the current in the galvanometer are both zero the coefficient of 
Z' disappears. Thus we get 

Now upset the balance slightly by putting in a very small 
additional resistance hp in the arm p. Let G be now the steady 
current produced in the galvanometer, and )3 the corresponding 
deflexion. The steady current in / may be taken to be P' the 
same as before, on account of the smallness of hp. 

We have now 

P'shp = {^(^+^) + ^(r+j)}G. [See Chap. IV, § 8.] 

TV, LV ^ 

^^"^ ^=^' 

_ (i+-)a 

Lr^ _ r 27rV 2/ 

r ^ 

where T is the galvanometer constant, T the period of a com- 
plete vibration, and X the logarithmic decrement. 



Thus Z = ^.^|(i + ^) 

r. 2 TT p N 2 / 



CHAPTER XII. 
Dynamos and Motors. 

1. We have seen that 

(i) When a conductor is moved in a magnetic field there is 
an E. M. F. induced in it ; 

(2) When a conductor situated in a magnetic field carries a 
current in any direction but that of the lines of induction of the 
field there is a tendency for it to move in the field. 

The first of these principles is used in making machines for 
converting mechanical into electrical energy. 

The second is used in making machines for converting elec- 
trical into mechanical energy. 

2. The simplest machine for producing an electric current 
by means of mechanical motion is Faraday's disc. A disc of 
copper is mounted in a vertical position on a copper axis. The 
axis and the rim are connected by means of a wire, one end of 
the wire pressing on the axis, and the other dipping into mer- 
cury, into which the rim dips too. The disc is placed in a 
magnetic field so that the lines of induction of the field run 
across it. When it is rotated, the lines of induction of the field 
being continually intersected by it, an E. M. F. will be induced, 
and a current will flow in the circuit. 

Suppose the magnetic field to be a uniform one; and its 
intensity resolved at right angles to the disc to be H, Let r be 
the radius of the disc ; and co its angular velocity of rotation. 

Then the same E. M. F. will be induced along each radius of 
the disc. The quantity of magnetic induction passed across by 

p 2 
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each radius of the disc per second will be the expression for the 
induced E. M. F., which is therefore 

— _— — _ • 

2 

3. The same machine may be used for converting electrical 
into mechanical energy. If a current is passed from the axis to 
the circumference, and if the disc is free to rotate, it will do so. 

The rotation of the disc produced by a current in a given 
direction will be opposite to the rotation which would produce a 
current, by induction, in the same direction. The motion will 
therefore induce an E. M. F. opposed to the given current, 
which will thus be diminished. This E. M. F. is called the 
back SS. M. F. . 

Consider the mechanical work done in turning the disc. Let 
/ denote the intensity of the current, the other symbols having 
the same meanings as before. 

Then since the quantity of induction inclosed per second by 
any radius of the disc is ZTr'cD/a, the work done per second is 

2 

Thus the moment of the forces acting on the disc, about its 
axis, is IHr^ 

2 

Let E denote the E. M. F. of the battery which drives the 
current, E^ the back E. M. F. due to the rotation of the disc, 
and which is equal to ^r^o)/2, R the resistance of the circuit. 

Then the work done per second by the battery, is EI. 

Of this RP is used in heating the circuit. 

The part expended in mechanical work is Efl, 

Thus we have EI — RP-\- PI. 

Def. the EFFICIEKCT of an arrangement used for 
converting electrical into mechanical energy is the ratio of 
the mechanical energy developed i>er second to the electrical 
energy consumed per second. 

Thus the efficiency of the arrangement above described is E^jE, 
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4, A machine used for obtaining electric currents from the 
energy of mechanical motion is called a Dynamo. Farada/s 
rotating disc used to generate a current is a simple example of a 
dynamo. We shall now consider the principles on which a 
dynamo is usually constructed for practical work. 

We have seen that if a closed coil is rotated in a magnetic 
field, about an axis in its plane at right angles to the lines of 
force of the field, and has its ends always connected to those of 
a wire, an alternating current is produced in the circuit formed 
of the coil and the wire. 

Now let A and B denote the ends of the coil, and C and D 
those of the wire : and instead of having A constantly connected 
to C and BXoD suppose that these connexions only last for half 
a turn, finishing with a position in which the coil encloses the 
maximum quantity of magnetic induction ; that is, all the time 
that E. M. F. is being induced in the coil in one direction. Let A 
then become connected to D and B to C for the next half-turn, 
changing to the original connexions at the end of it ; and so on. 
• We thus get a series of alternating currents in the coil, but a cur- 
rent in the wire in a constant direction, but varying in intensity. 

This changing of the connexions is effected by means of a 
piece of apparatus called a commutator, which consists of a 
cylindrical copper ring placed on the axis of the coil, and cut 
through in two places diametrically opposite to each other. The 
ends of the coil are connected to these two halves of the ring, 
which are insulated from each other. Strips of copper to which 
the ends of the wire are connected press on the split ring as it 
rotates with the coil. 

The strips of copper pressing against the commutator are 
called brushes. 

We thus see how a current in a wire, uniform in direction, 
may be obtained from the mechanical work expended in rotating 
a coil in a magnetic field. 

In machines used for the production of electric currents in this 
manner, the apparatus, consisting of coil, axis, and commutator, 
is called an armature. 
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6. The next step is to obtain a current more uniform in in- 
tensity. This may be done in two diflferent ways, in each of 
which an armature is used consisting of several coils, instead of 
one, with a commutator divided into several segments. 

(i) Open-ooil Armature. Suppose we have two identical 
coils, set on a common axis, at right angles to each other ; and a 
commutator divided into four segments ; the ends of each coil 
being connected to two opposite segments of the commutator. 
Let the brushes be connected by the commutator with a coil for 
the period of a quarter of a revolution during the time that induc- 
tion in it is most powerful, and to become connected with the other 
coil just before the connexions with the first are broken. We 
thus get a current which is much more uniform in intensity than 
that obtained from a single xoil, never falling to the value of zero. 
By increasing the number of coils and commutator segments 
we obtain a more and more uniform current.' 

With an armature of this sort the brushes and commutator 
segments may be so made as to draw the current from more 
than one coil at the same time, so as to make the resistance 
of the armature smaller. This plan is used in the Brush machine. 
(2) Closed-ooil Armature. In this armature the coils are 
all in electrical connexion with each other and with the seg- 
ments of the commutator, and in working the machine t,he 
induction in every coil is used at the same time. 

As a type of closed-coil armatures 
we will describe that of the Gramme 
machine. The figure is a simple 
diagram of a Gramme armature 
with four coils wound on a ring 
made of iron wires, called the core 
of the armature, and used to in- 
crease the magnetic induction 
through the coils. The ends of 
each coil are connected to two 
adjacent segments of the commutator. 

If the armature is placed in a magnetic field so that the lines of 
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induction of the field are in the plane of the armature, these lines 
\dll to a great extent follow the direction of the substance of the 
armature core, and the field will thus be far from uniform. 

Now suppose in the figure the lines of induction enter the 
armature on the left hand side. They then pass chiefly by 
means of the iron of the ring through the coils and out again on 
the right hand side. The ring A is enclosing its maximum 
quantity of induction in one direction. Let the armature be 
rotating in the clock-wise direction. As it rotates A constantly 
loses magnetic induction till it comes to the position C when 
it is enclosing the maximum quantity in the other direction. As 
A ascends to the highest position again it is constantly gaining 
magnetic induction in the same direction as at first. 

Thus we see that in a coil on the right hand side of the ring 
an E. M. F. is always induced in one direction, and in a coil on 
the left hand side an E. M. F. is always induced in the other 
direction. Each of these means an induction of E. M. F. from 
the highest to the lowest part of the commutator, or vice versa. 

The brushes are placed at these two points of the commu- 
tator between which E. M. F. is being induced in every coil. 
Thus the current divides itself in two between the two parts of 
the armature between the brushes ; and the E. M. F. induced in 
every coil of the armature is used at every instant. 

Other closed-coil armatures, such as the Siemens, are made 
of cylindrical shape, called drum armatures, the core being 
made generally of wood, wound over with iron wire. The 
coils are wound on to the cylindrical core in rectangular shape, 
the wire passing along the sides and across the ends. The two 
ends of each coil are connected to two adjacent segments of the 
commutator. The generation of the current in such an arma- 
ture is the same as in the Gramme ring armature. 

6. Magnetic Field. The magnetic field is produced by means 
of strong magnets terminating in pole pieces between which the 
armature is rotated, the axis of the armature being at right angles 
to the general direction of the lines of induction of the field. 
These magnets are called the field-magnets of the dynamo. 
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The field-magnets may be permanent, and then the dynamo 
is called a magneto machine. But they are usually electro- 
magnets with soft iron cores, the current being supplied by the 
dynamo itself. 

The conductors joined up to the dynamo, through which 
the current is to be driven, form what is called the outside circuit. 

The field-ms^nets may be excited in two different ways. 

(i) A Series Dynamo is one in which the armature, field- 
magnet coils, and outside circuit are in series ; the entire cur- 
rient generated in the armature then passes through the outside 
circuit and the magnet coils. 

(2) A Shunt Dynamo is one in which the field-magnet coils 
form a shunt to the outside circuit. The current generated in 
the armature divides itself between the outside circuit and the 
magnet coils. 





The accompanying figures show diagrams of a series and a 
shunt djoiamo respectively. 

7. Position of BruBhes. The rotation of the armature in 
the field produces a point of maximum, and a point of mini* 
mum potential on the commutator; these two being diametric' 
cally opposite each other, and the potential varying in a uniform 
manner from one to the other either way round the coDMnutator, 
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if the field-magnets and armature are well made. It is at these 
two points that the brushes should be placed. When this is 
done a brush is never connecting two segments between which 
there is much potential difference, and sparking at the brushes 
is reduced to a minimum. If the brushes are placed in .any 
other position, each of them is in a region in which there is 
considerable variation of potential from one segment of the 
commutator to another, and thus in connecting two segments 
together sparking will be produced. 

8. Anxiature Beaetion. — ^Lead of Brushes. If no current 
were passing in the armature the points of maximum and 
minimum potential would be on that diameter of the com- 
mutator which is at right angles to the general direction of the 
magnetic field. But the passage of a current in the armature 
by making it a magnet influences the magnetic field, changing 
the direction of the lines of induction through the armature : 
and thus the position of the brushes must be changed, until 
such a position is found for them that there is no sparking, that 
is, they are at the points of maximum and minimum potential 
on the commutator. The angle through which the brushes 
must be turned from the diameter at right angles to the direc" 
tion of the field is called the lead of the brushes. 

Suppose an armature in a field whose lines of induction run 
from left to right to be rotated in the clock-wise direction. It is 
easily seen that the currents induced in it will make it a magnet 
with its S. pole above, and its N. pole below. Thus the lines of 
induction in it, being from S. to N. pole in the magnet, will be 
from above downwards. The general way in which the field 
will be altered can be shown by supposing the original field and 
that due to the magnet to be both uniform, 

Draw AB to denote the original field- 
strength, BC that due to the magnet. 
Then A C will denote the resultant field- 
strength to which the induced E. M. F. is 
due. Thus BC, which is parallel to the 
line of the brushes, is at right angles to AC. BAC is the angle 




2i8 Dynamos and Motors. [PartIIi. 

of lead. The lead of the brushes is in the direction in which 
the armature rotates. 

Since AC = AB x cosine of angle of lead, it is best to avoid 
a great lead, which always diminishes the field-strength. This 
is done by having few turns in the armature coils, *and com- 
pensating by having powerful field-magnets. 

8. Alternate Current Dynamos. Some machines, chiefly for 
electric lighting purposes, are made to give alternating currents. 
In these no commutator is used, but the armature terminals are 
connected to two rings on the axis against which the brushes 
press, each terminal being thus constantly in contact with a 
terminal of the outside circuit. 

In these machines the field-magnets are generally separately 
excited by means of a continuous-current dynamo. 

In many alternate-current djmamos the field is formed of a 
lot of electro-magnets placed round the circumference of a circle, 
giving lines of induction passing first in one direction and then 
in the opposite as we go round the circle. The armature con- 
sists of a lot of coils in series which move between the magnets 
and are so connected that the induction is always in the same 
direction in every coil. As the coils move from point to point 
of the field enclosing lines of induction, first in one direction 
and then in the other, a constantly alternating current is pro- 
duced. The coils are generally made of a few turns of thick 
wire or of copper strips, to avoid the loss of energy that would 
arise from self-induction if there were many turns ; the field- 
magnets must therefore be made very strong. 

10. The electrical out-put of a dynamo, that is, the electrical 
energy developed per second, is given in watts, in the case of a 
continuous current machine, by the product of the E. M. F. 
developed in the armature and the current which passes through 
the armature, these being measured in volts and amperes. In 
the case of an alternating current machine the out-put is given 
by the mean value of this product. 

The EfiBLciency of a djoiamo is the ratio of the electrical out- 
put per second to the work done on it per second. 
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We must distinguish between two different efficiencies : 

(i) The Intrinsio efficiency; in which the entire electrical 
out-put per second is considered ; 

(2) The Ck>xnmercial efficiency; in which only the useful 
part of the electrical out-put, or the electrical energy consumed 
in the outside circuit, is considered. This is less than the 
intrinsic efficiency on account of the energy lost in the armature 
and other parts of the machine. 

The efficiency of a given dynamo will depend on various 
circumstances : the speed at which it is being driven, and the 
current which it is sending. For a given machine it is always 
important to find the most, advantageous conditions under which 
to work it. 

11. Out-put of Alternate- Current Dynamo. Let R be the 
entire resistance, L the coefficient of self-induction of armature 
and outside circuit Let the time taken for the magnetic in- 
duction to be reversed in every coil of the armature and to 
return to its original value be T, Suppose the E. M. F. of the 
armature to be given, as in the case of a rotating coil, by a sine 
function, as follows, 

The equation of the current is 

at 
Thus ^sm^ = -+-. 

Multiplying by ^^ , and integrating, 
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Or, when the steady state is attained. 
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Thus the current does not attein its maximum value at the 
same time as the £. M. F., but lags behind. 
The out-put per second is given in watts as follows, 
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12. Motors. When a current is driven through the armatiu*e 
of a dynamo ; its field-magnets also being excited, if they are 
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electromagnets ; the mechanical action on its coils will cause the 
armature to rotate. And, by the law of Lenz, this rotation will be 
in the opposite direction to that which would generate a current 
in the same direction as that used. 

The armature of a dynamo caused to rotate in this manner 
may be made to do useful work. We have thus a means of 
converting electrical into mechanical energy. A dynamo used 
in this way is called an eleotro-motor, or, more simply, a 
motor. 

The Efficiency of a motor is the ratio of the mechanical 
out-put per second to the electrical energy consumed by it per 
second. 

As in the case of the dynamo, we must distinguish between 
two different efficiencies, 

(i) The Intrinsic efficiency, in which we consider the whole 
of the work done by the motor; 

(2) The Commercial efficiency, in which we consider only 
the useful work done by the motor. This is less than the 
intrinsic efficiency on account of the work lost in heating bear- 
ings, &c. 

Suppose a current / to be passing through a motor which 
is a series or magneto machine, E being the E. M. F. at its 
terminals; let it be running at such a speed as to develop a 
back E. M. F. ^, and let R be the electrical resistance through 
it from terminal to terminal. Then we have the relation 

Now EI is the energy expended per second. This is used 
partly in heating the conductors, and partly in developing 
mechanical work. 7?/* is the measure of the heat developed 
per second in joules. The mechanical work done per second 
in joules is E^I. 

We can easily see that E^I is the work done per second, by 
remembering that this is the product of the current and the 
quantity of induction enclosed per second by the coils of the 
armature ; and the latter is equal to the back E. M. F. • 
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The intrinsic efficiency of a motor working under the above 
conditions is p 

E' 

Thus we see that to have a great intrixwio efficiency the 
motor should be allowed to run at a great speed, and develop 
a large back £. M. F. 

The part of the work lost in 'heating bearings, &c., generally 
increases with the speed, so that the oommeroial efficiency 
does not continually increase with the speed. 

To find when the work done per second, or the activity, is 
greatest, let us put W for this quantity. 

W^EI^RP. 

For fF to be a maximum for variations of /, 

2R 

Thus the back E. M. F. developed is E / 2. 

In this case the intrinsic efficiency is 1/2. 

13« TransmisBion of Power. Sometimes a dynamo is used 
at one station, where there is a source of energy; to develop a 
current and drive a motor at a distant station, where work is 
required to be done ; by means of conducting wires between 
the two stations. This operation is generally called the ' trans- 
mission of power.' 

Suppose we have a series dynamo and series motor. 

Let E be the E. M. F. developed by the dynamo. 

E the back E. M. F. developed by the motor. 

R the entire resistance of the circuit formed of dynamos, 
motor, and conductors. 

/ the current passing. 

The electrical energy developed per second is 

^^_ E{E^B^ 
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The work done per second by the motor is 

R 

The work lost in heating conductors is 

R 

The intrinsic eflficiency of the arrangement is 

Suppose we increase E and E\ keeping E^E' constant. 
Then the energy lost in heating conductors remains the same 
as before; but both the efficiency E' j Ey and the activity 
{E—Ey/Ry are increased. 

Thus it is advantageous to run at high E. M. F.s. 
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